THE DERIVED MODULI OF PERVERSE SHEAVES
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ABSTRACT. We construct higher derived Artin stacks parametrizing constructible sheaves
on complex algebraic varieties and compact real analytic varieties. Furthermore, we
show that every perversity function gives rise to an open substack of perverse sheaves,
which is a 1-Artin stack locally of finite presentation that generalizes usual character

stacks.
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1. INTRODUCTION

This paper is concerned with the construction, in a high level of generality, of a derived
Artin stack parametrizing perverse sheaves on a fixed stratified space satisfying some
finiteness conditions. The main results of this paper appeared first in a lesser generality
in the first versions of [PT21, HPT24]. We subsequently decided to remove this material
from the later versions of said papers and collect it here, in order to make them accessible
to a wider community, without a heavy background in stratified homotopy theory.

Historical context. Let I' be a finitely generated group. The character variety of T is a
scheme X(I") parametrizing finite dimensional semi-simple representations of I'. Char-
acter varieties have a rich history; perhaps the first systematic treatment is [LM85],
although predated by work of Weil [Wei60, Wei62], Artin [Art69] and Procesi [Pro74]
(see [Sik12] for a more recent treatment). They are ubiquitous in various areas of math-
ematics and physics, such as low-dimensional topology [Bén20, GJS23], gauge theory
[AB83, Hit87], mirror symmetry [HTO03], nonabelian Hodge theory [Sim93, Sim94a,
Sim94b] and the geometric Langlands program [BZN18]. As a result, their topology
has been deeply investigated, especially in the case of surface groups (i.e., fundamental
groups of complex algebraic curves). They provide important examples of symplectic
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and Poisson varieties [Gol84, GM88], and their quantization has equally been studied in
detail [BZBJ18, GJS25]. The papers [HLRV11, HLRV13] marked a landmark achievement
in understanding their homology.

Character varieties can be seen as good moduli spaces of more fundamental character
stacks. These are Artin stacks parametrizing representations of I' together with their
automorphisms; their singularities are milder than those of the character varieties. More-
over, when I' = 71 (X, x) for a (sufficiently nice) topological space X, by the monodromy
correspondence, character varieties can equally be described as the moduli of local
systems on X. In this case the higher homotopy groups provide additional structure on the
character variety: that of a derived scheme. This additional structure is a fundamental
tool, heavily exploited in the geometric Langlands program:; it also leads to a better
understanding of the singularities of the character variety, and certain phenomena (e.g.,
their symplectic nature) becomes more transparent working simultaneously at the stacky
and derived level [PTVV13]. This is easy to see:

Example 1. Since the 2-sphere S? is simply connected, the connected component of the
character stack of 7t;(S?) = * corresponding to representations of dimension n coincides
with BGL,, (the character variety is in this case reduced to a single point). On the other
hand, the tangent complex of derived stack LC,(S?) at the trivial local system of rank n
is given by HY, __ ( S%Z)®M 1], see [TVO08, Proposition 2.2.6.6].

smg

At the same time, local systems admit natural generalizations: constructible sheaves
and perverse sheaves. Combining ideas of stratified homotopy theory (that have been
developed by the authors in [HPT24] and recalled in §2 in a way that they can be used as
a black box) with the theory of moduli of flat objects of a category [TV07, TV16, DPS22],
in this paper, we construct both constructible and perverse generalizations of character
stacks. We are only concerned with generalizing character stacks; good moduli spaces
for the perverse character stack has been obtained recently in [Lam25]. In the even
more recent work [CL26], it is shown that the perverse character stack carries (under
additional niceness hypotheses) a canonical shifted Poisson structure. Both of these
works should be understood as continuations and completions of the current paper.

Moduli of perverse sheaves. In [GMV96], the authors attached to each complex pro-
jective variety X equipped with a Whitney stratification P a finite quiver Q(X, P) with
relations, whose representations coincide with perverse sheaves on (X, P), with respect
to the middle perversity. Out of this, it is easy to construct an Artin stack Repx p) of
representations of Q(X, P), which can be interpreted as a moduli of perverse sheaves.
Before going any further, let us explain the two main limitations of this approach:

Poor functoriality. The quiver Q(X, P) depends on several choices (and most notably a
projective embedding of X chosen as a function of the stratification P). This makes it hard
to control how RepQ(X,P) depends on the stratified (X, P) itself. For instance, it is not
completely clear from this perspective how to let P vary. Instead, our method allows us
to construct a moduli stack of sheaves that are perverse with respect to some stratification,
see Theorem 4 below. In a similar spirit, in [NS96, Nit99] the authors deliberately chose
an alternative presentation of perverse sheaves because the quiver of [GMV96] did not
interact well with the Riemann-Hilbert correspondence.
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Absence of a derived structure. Recall from [Por25, §1.5.5] (or [DPS22, §I1.2.6]) that a
standard way to produce a derived enhancement of the moduli of objects of an abelian
category A is to exhibit A as the heart of a sufficiently nice t-structure T on a stable
oo-category C of finite type. In this case, the finitness allows us to form Toén and Vaquié’s
moduli of object construction M¢. The t-structure allows us to cut out an open substack
Coh,s(C, ) of M, which is the desired enhancement of the moduli of objects of A = C".
Notice that the derived enhancement depends on the choice of (C, 7).

In the case at hand, the natural choice would be the derived category of representations
of Q(X, P), but since this quiver has relations, its derived category is not generally of
finite type in the sense of [TVO07]:

Example 2. Let X = PZ be the complex projective plane, stratified in a copy of Pl It
is shown in [MV86, Example 6.3] that the category of perverse sheaves in this case is
equivalent to the category of representations of the quiver

[ ] [

subject to the relations ab = ba = 0. In other words, this category of perverse sheaves is
the category of representations of the preprojective algebra of the quiver A;, which has
infinite homological dimension — see e.g., [BBK02, Remark 4.11].

For this special example, it is easy to find a good replacement, namely using the 2-
Calabi-Yau completion (a.k.a. Ginzburg dg-algebra) of A, [Kelll, BCS20]) instead of its
preprojective algebra. For more complicated stratified spaces, we would not know how
to proceed in this direction. Even worse, Theorem 1 shows that even when Q(X, P) is
homologically of finite type, the resulting derived structure does not match the naturally
expected one.

Instead, our method provides a canonical derived structure, as a concrete incarnation
of the geometry of the stratification: the tangent complex of our derived stack is highly
sensitive to the cohomology of the strata and the links of (X, P). In this approach, the
homological finitess property of Q(X, P) is replaced by the finiteness theorems of the exit-
path co-categories proved in [HPT24]. The construction of the perverse cohomological
Hall algebra (see Eq. (4.3.1)) is a first piece of evidence that the derived structure we
construct here is very robust. Another piece of evidence has been recently obtained by
Christ-Lampetti [CL26], where they show that the derived stack of perverse sheaves
constructed here has a canonical shifted Poisson structure.

Our approach has also some other minor-but-pleasant features: dropping the projectiv-
ity and Whitney assumptions on (X, P), and the restriction to middle perversity.

Moduli of constructible complexes. Central to our approach is the construction of a
bigger, highly non-separated higher Artin stack in the sense of Simpson [Sim96]. This
larger derived stack, denoted Consp(X), parametrizes constructible complexes and is
obtained as a moduli of objects in the sense of Toén—Vaquié [TV07]. A subtle point that
deserves to be mentioned here is that Consp(X) is realized as the moduli of objects of
the large stable co-category Consp(X;Mody) of unbounded constructible complexes with
infinite dimensional stalks. The key insight is that the finiteness property of the exit-path
category I (X, P) (proven in a large variety of examples in [HPT24]) allows to show that
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Consp(X;Mody), which a priori is very large, is in fact of finite type in the sense of [TV07].
This allows us to bootstrap off the main theorem of loc. cit. One of the fundamental
points is that the stalk functors are corepresentable in Consp(X; Mody) by objects that
are compact, but with infinite dimensional stalks (see Eq. (2.3.8) and [PT21, Warning
6.5.2]). This implies that the moduli of objects of Consp(X; Mody) (whose construction is
recalled in Eq. (4.1.5)) actually parametrizes P-constructible sheaves with perfect stalks.

As several papers already demonstrated [AZ01, TV16, BLM 21, DPS22], a sufficiently
well-behaved t-structure T allows one to cut out a better behaved open 1-Artin substack
inside of Consp(X), parametrizing families of T-flat objects. Indeed, the bulk of this paper
is devoted to check that the perverse t-structure (of any perversity) is well-behaved in
this sense.

Statement of results. We can now state our main results. The first main theorem below
is a consequence of Eq. (4.1.12) and the finiteness results of [HPT24], recalled in the main
text as Theorems 2.4.3 & 2.4.4. The statements involve subanalytic stratified spaces (in
the sense of Eq. (2.1.8)); the key example of such is a locally finite stratification a of real
analytic manifold by subanalytic subsets. We also use the term algebraic stratified space to
mean a stratification of the R-points of an IR-variety by Zariski locally closed subsets
(see Eq. (2.1.9)).

Theorem 3 (Fixed stratification, see Eq. (4.1.12) & Eq. (4.2.13)). Let (X, P) be either a
compact subanalytic stratified space or an algebraic stratified space, and let k be a connective
derived commutative ring (a.k.a. an animated commutative ring or simplicial commutative
ring). Then there exists a geometric derived stack Consp(X) locally of finite presentation over k
parametrizing complexes of P-constructible sheaves with perfect stalks. Furthermore, for every
perversity function p: P — Z, there exists an open 1-Artin substack

PPervp(X) C Consp(X)
parametrizing flat families of perverse sheaves on X.

Theorem 4 (Varying stratification, see Eq. (4.1.15) & Eq. (4.2.14)). Let X be a compact
subanalytic space (resp., a R-algebraic variety) and let k be a connective derived commutative
ring. Then there exists a geometric derived stack Cons(X) locally of finite presentation over k
parametrizing complexes of sheaves with perfect stalks which are constructible with respect to
some subanalytic (resp., R-algebraic) stratification. If p denotes the middle perversity function,
there is an open 1-Artin substack

PPerv(X) C Cons(X)

parametrizing flat families of perverse sheaves that are constructible with respect to some
subanalytic (resp., R-algebraic) stratification.

These result are special cases of more general ones on stratified spaces satisfying
appropriate finiteness conditions; see Eq. (4.1.12) and Eq. (4.2.11).

Finally we showcase the utility of the derived structure by establishing the existence
of a perverse cohomological Hall algebra, see Eq. (4.3.1). It should be noted that this last
result is a straightforward consequence of the main results of [DPS22], the criterion for
the properness of quot schemes obtained in [Lam25] and the formula for the cotangent
complex obtained in Eq. (4.1.12).
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Notation. All derived commutative rings (in the sense of Raksit [?, §4]) considered
in this paper are connective, i.e., are what are typically called animated commutative
rings or simplicial commutative rings. Therefore, in this paper, we simply use the term
derived commutative ring to refer to a connective derived commutative ring, and write
dCRing for the co-category of connective derived commutative rings. For A € dCRing,
we write Moda for the stable co-category of A-modules. We write Perfa C Moda
for the full subcategory spanned by perfect A-modules, i.e., the smallest stable full
subcategory containing A and closed under retracts. The co-category Mod is compactly
generated with full subcategory of compact objects Perfa [Lurl2, Proposition 7.2.4.2],
[Lurl8, Notation 25.2.1.1].

Let C and D be presentable co-categories. We write C ® D for the tensor product of
C and D in the co-category Pr" of presentable co-categories and left adjoint functors.
The tensor product is the universal presentable co-category equipped with a functor
C x D — C ® D that preserves colimits separately in each variable. We refer the reader
to [Lurl2, §4.8.1] for further background in the tensor product.

Acknowledgments. We are grateful to Federico Binda, Bernhard Keller, Enrico Lampetti,
Nitin Nitsure, and Olivier Schiffmann for useful conversations about this paper.

2. RECOLLECTIONS ON STRATIFIED HOMOTOPY THEORY

In this section, we collect some general material on (hyper)constructible (hyper)sheaves
and exodromic stratifications. These results are not original: most of them were obtained
in [Lurl2, Appendix A] or in [PT21, HPT20, HPT24]. The reader already acquainted
with these ideas is invited to skip this section.

2.1. Stratified topological spaces. Let P be a poset. We equip the underlying set of P
with the topology whose open subsets are the upward-closed subsets Q C P. A stratified
space is a topological space X equipped with a continuous map to a poset. For a subset
S C P,weset Xs :=S xp Xand we let Xg — S be the induced stratification; we denote
by is: Xs < X the inclusion. For a € P, the subset X, is the stratum of (X, P) over a. The
collection of stratified spaces organize into a category in an obvious manner.

Remark 2.1.1. We abuse notation by denoting a stratification of X by P as (X, P) instead
of X — P and refer to (X, P) as a stratified space.

Example 2.1.2. Let X be a topological space equipped with a partition S = {Xp},cp into
disjoint locally closed subspaces. We define a partial order on P by p < q if and only if
Xp N Xq # @. This gives rise to a continuous map X — P, which is a stratification in the
above sense.

Example 2.1.3. Let f: Y — Q be a stratified space. Write C(Y) == * Ll (Y x R50). The set
C(Y) is endowed with the topology whose open subsets are the subsets U C C(Y) such
that UN (Y X R5) is open and if * € U, then

Ce(Y) ={x}U(Yx (0,¢)) CU

for some ¢ > 0. Let Q< be the poset obtained from Q by adding a smallest element —oo.
We define a continuous map g: C(Y) — Q< by sending * to —co and (y,t) € Y x R to
f(y). We refer to (C(Y), Q) as the cone of (Y, Q).
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The following should be thought as a (purely topological) regularity condition on a
stratified space (akin to the notion of a Whitney stratification).

Definition 2.1.4. Let (X, P) be a stratified space. We say that (X, P) is conically stratified
if for every point x € X lying over a € P, there exists a topological space Z, a stratified
space (Y,P.q) and a map of stratified spaces (Z x C(Y),P>q) — (X,P) inducing an
homeomorphism between Z x C(Y) and an open neighbourhood of x in X.

Definition 2.1.5. Let X be a topological space. We say that a stratification X — P is locally
finite if for every point x € X, there is an open neighborhood U of x such that U intersects
only finitely many strata of (X, P).

Example 2.1.6 (Simplicial complexes). Let (V,S) be a simplicial complex, and regard
S as a poset ordered by inclusion. Write AWVS) for the geometric realization of (V, S).
There is a natural stratification AVS) — S with contractible strata, see [Lur12, Definition
A.6.7]. Moreover, [Lurl2, Proposition A.6.8] shows that if (V, S) is locally finite, this is a
conical stratification.

Example 2.1.7. If X is a differentiable manifold equipped with a Whitney stratification P
(see e.g., [NV23, Definition 2.5]), then it is conically stratified. In fact, it is even conically
smooth in the sense of [AFT17], see [NV23].

We conclude by singling out two classes of stratified spaces that are particularly
important in this paper.

Definition 2.1.8. A subanalytic stratified space is the data of a triple (M, X, P) where M is
a smooth R-analytic space, X C M is a locally closed subanalytic subset, and X — Pisa
locally finite stratification by subanalytic subsets of M.

Definition 2.1.9. An algebraic stratified space is the data of a stratified space (X, P) where
Xis (the real points of) an algebraic variety over R and X — P is a finite stratification by
Zariski locally closed subsets.

2.2. Hypersheaves, hyperconstancy, and hyperconstructibility. We content ourselves
to introduce our notation, and we refer to [HPT20, §1.1], [HPT24, §1.2], or [Por25, §I11.2.1]
for a more thorough review of these notions.

Notation 2.2.1. Let X be a topological space. We denote by PSh(X) the co-category of
Spc-valued presheaves on X and by Sh(X) (resp., Sh™YP (X)) the full subcategory spanned
by sheaves (resp., hypersheaves). For £ € Pr*, we set

Sh™P(X; €) = Sh™P(X) ® € ~ Fun®(Sh™P(X)P, £),
and similarly for (pre)sheaves.

Remark 2.2.2. Sheaves and hypersheaves on topological spaces coincide in many situa-
tions that are the central focus of interest of the current paper. For example, this is the
case if X admits a CW structure [Hoy16]. The reader uneasy with hypersheaves and only
interested in reasonable geometric examples can therefore simply ignore the attribute
hyper in the rest of the paper.
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Remark 2.2.3. The functoriality of the tensor product in Pr" induces for every £ € Pr’ a
hypersheafification functor (—)P: PSh(X; £) — ShYP(X; ), which is still a localization by
[Por25, Lemma 1.4.11].

Notation 2.2.4. Let f: X — Y be a map of topological spaces and let £ € Pr". We denote
by

f': PSh(Y;€) < PSh(X; €): f,
the induced adjunction. The functor f, preserves (hyper)sheaves, and it is part of an
adjunction

FYP: ShYP(Y; £) < ShYP(X; €): ¥, .
Inspection reveals that f*hYP can be written as (—)"YP o 1.

Notation 2.2.5. For a topological space X, we denote by I'x: X — * the unique map.

Definition 2.2.6. Let X be a topological space and let £ € Pr". We say that a hypersheaf
F € SWYP(X: €) is hyperconstant if F lies in the image of

P & — ShYP(X; €) .
We say that F is locally hyperconstant if F is hyperconstant on an open cover of X. We denote
by LCYP(X; ) the full subcategory of Sh™P(X;E) spanned by locally hyperconstant

hypersheaves.

Definition 2.2.7 ([Lej21]). Let (X, P) be a stratified space and let £ € Prl. We say that
F € Sh™P(X; £) is hyperconstructible if for every p € P, the hypersheaf i;’hyp (F) is locally
hyperconstant on X,. We denote by Consgyp(X; &) the full subcategory of Sh"™P(X; )
spanned by hyperconstructible hypersheaves on (X, P).

Remark 2.2.8. When £ = Spc, we write Consl;yp(X) instead of Consl};yp(X; Spc).

Remark 2.2.9. Given a map of stratified spaces f: (X,P) — (Y,Q) and £ € Prt, the
hypersheaf pullback f*P : ShMYP(Y; €) — ShYP(X; £) restricts to a functor

(2.2.10) £hYP: Consy®(V;€) — Consp™®(X;€) .

Warning 2.2.11. Let k be a field and let ModiQ be the abelian category of k-vector spaces.

Then inside Consgyp(X; Mod]? ) we allow constructible sheaves with infinite dimensional
stalks. While this goes against the typical convention in algebraic geometry, it is crucial
for us to allow such objects, for instance in the proof of Eq. (4.1.9). See also [PT21,
Warning 6.5.2].

We conclude with a remark on the functoriality in the coefficient co-category £.

Recollection 2.2.12. Let X be a topological space. Let L: £ — D be a left adjoint functor
between presentable co-categories with right adjoint R: D — £. We denote by

VP .= id ® L: ShYP(X; &) — ShYP(X; D)
the induced left adjoint. Concretely, L"P is obtained via the composition of
Lo—:PSh(X;&) — PSh(X; D)
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with the hypersheafification functor (—)MYP. Via the identification
ShYP(X; ) ~ Fun®(Sh"P(X)°P, &)

supplied by [Lurl2, Proposition 4.8.1.17], the right adjoint RWP of ThYP is given by
composing with R.

Remark 2.2.13. The formation of ["YP commutes with hypersheaf pullback.

Example 2.2.14. Let A € dCRing and let M € Moda. In the setting of Eq. (2.2.12), we
setL: =M ®a (—) and

M@YP (=) = (M @a (—)"P: Sh™P(X;Moda) — Sh™P (X;Moda) -
Similarly, given a morphism A — B in dCRing, the adjunction
B ®a (—): Moda < Modg: Resg/a(—),
given by extension and restriction of scalars induces an adjunction

B ®k;\yp (—): SA"YP(X:Mod,) = ShYP(X; Modg): Resg};};\ )

The projection formula for modules immediately implies that for every M € Modg and
every F € Shhyp(X; Modp ), the canonical morphism

(2.2.15) Resg /A (M) ®2yp F— Resg};}j\(l\/l ®1];yp (B ®1/1\yp F))
is an equivalence.

2.3. Atomic generation and exodromic stratified spaces. Following ideas of Clausen—
Jansen [C]22], in [HPT24] we introduced the special class of exodromic stratified spaces
that we recall below, together with their main properties and examples.

Definition 2.3.1 (Atomic generation). Let C € Prl.
(1) An object c € C is atomic (or absolutely compact) if
Map,(c,—): C — Spc

commutes with all colimits. We write C* for the full subcategory of C spanned
by atomic objects.

(2) We say that C is atomically generated if the unique colimit-preserving extension
PSh(C®) — C of the inclusion C? < C is an equivalence.

Definition 2.3.2 (Exodromic spaces, cf. [HPT24, Definition 3.5]). A stratified space
s: X — P is exodromic if the following conditions are satisfied:

(1) The co-categor Conshyp(X) is atomically generated.
gory p Y 8
(2) The subcategory Cons{;yp (X) € Sh™P(X) is closed under both limits and colimits.

(3) The functor s*"P: Fun(P, Spc) ~ ShMYP(P) — Cons}];yp(X) preserves limits.
In this case, we define the oco-category of exit-paths of (X, P) as

Moo (X, P) == (Consp’P (X))°P .
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Condition (2) should be thought as a categorical regularity condition on the stratifi-
cation, that weakens the conicality condition (see [HPT24, §0.2] or [Por25, §II1.2.5] for
additional comments on this topic). The main source of examples is:

Example 2.3.3 (Conical stratifications). Let (X, P) be a conically stratified space with
locally weakly contractible strata. Then (X, P) is exodromic and moreover T (X, P)
is computed by the simplicial model Sing, (X) of [Lurl2, Definition A.6.2], see [PT21,
Theorem 5.17 & Remark 5.18]. In particular, if (V, S) is a locally finite simplicial complex,
then with the notation of Eq. (2.1.6) (AV:3)S) is exodromic. Moreover, using [Lurl2,
Theorem A.6.10] there is a natural equivalence

(2.3.4) Moo (AYS) S) ~ S .

Before stating further examples, let us recall a few important general features of the
exodromy equivalence.

Theorem 2.3.5 (Exodromy with coefficients, [HPT24, Corollary 4.1.15]). Let (X, P) be an

exodromic stratified space. For every £ € Prt, there is a canonical comparison functor
Fun(Te (X, P), &) — Consgyp(X;S) .

If € compactly assembled or P noetherian and £ stable, then this functor is an equivalence.

Theorem 2.3.6 (Functoriality, [HPT24, Theorem 5.1.7-(3)]). Let f: (X,P) — (Y, Q) be a
morphism between exodromic stratified spaces and let € be a compactly assembled presetnable
oco-category. Then the functor f*MYP of (2.2.10) admits a left adjoint

300 Consgyp(X) — Cons}éyp(Y) ,
which furthermore restricts to a functor Tso (f): Tl (X, P) — T (Y, Q). Moreover for every £
as in Eq. (2.3.5), the diagram
ConsgP(Y;€) —— Fun(T(Y, Q), €)
(2.3.7) f*l Jonw "
Consi?(X; &) —— Fun(TTw (X, P), €)
commutes.

Recollection 2.3.8 (Objects of TTo (X, P)). Let (X, P) be an exodromic stratified space with
locally weakly contractible strata. There is a natural identification

Moo (X, P)™ = [ [ Moo (Xp)
peP
where I, (X,) denotes the underlying homotopy type of the stratum X,,. See [HPT24,
Observation 5.1.6]. Thus, every point x € X gives rise to an object
[x] =X (%) € Consgyp (X),

and every object of TTs (X, P) is of this form. Notice that, by design, x;"*() corepresents
the stalk functor N
x*: Conspyp(X) — Spc
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On the other hand, different points of X might give rise to the same object of T (X, P).

Lemma 2.3.9. Let (X, P) be an exodromic stratified space with locally weakly contractible strata
and let £ be a compactly generated presentable co-category. Let (ex)xea be a system of compact
generators for £. Then, the the objects (XEO“S (ex))xex,aca form a system of compact generators
for Consi?P (X, €).

Proof. Same proof as in [PT21, Theorem 6.4.1] using (2.3.7) and [Lur12,5.3.2.11-(1)]. O
Exodromic stratifications allow to go beyond conical examples, mainly thanks to:
Theorem 2.3.10 (Stability under coarsening, [HPT24, Theorem 3.3.5]). Let (X, R) be an

exodromic stratified space, and let &: R — P be a map of posets. Then:
(1) The stratified space (X, P) is exodromic.

(2) The natural functor Tl (X, R) — T (X, P) induces an equivalence
Moo (X, R)W; '] = TToo (X, P)
where Wp C Mor (T (X, R)) is the collection of morphisms sent to equivalences by the
composite TToo(X,R) = R — P.

Example 2.3.11 (Subanalytic stratifications). Let (M, X, P) be a subanalytic stratified
space, in the sense of Eq. (2.1.8). By [Ver76], the stratified space (X, P) admits a refinement
by alocally finite triangulation. Combining Eq. (2.3.3) and Eq. (2.3.10), it follows that
(X, P) is exodromic. See [HPT24, Theorem 5.3.9].

Example 2.3.12 (Algebraic stratifications). Let (X, P) be an algebraic stratified space,
in the sense of Eq. (2.1.9). Then (X, P) is exodromic, see [HPT24, Theorem 5.3.13]: this
is essentially a consequence of the previous example together with the van Kampen
theorem for exodromic spaces, see [HPT24, Theorem 5.1.7-(4)].

2.4. Finiteness conditions. Fundamental to the construction of moduli spaces are the
following finiteness conditions on exodromic stratified spaces:
Definition 2.4.1. For an exodromic stratified space (X, P), we say that:
(1) (X, P) is categorically compact if Tl (X, P) is a compact object in Cat ;
(2) (X, P) is locally categorically compact if X admits a fundamental system of open
subsets U such that (U, P) is exodromic and categorically compact.

Example 2.4.2 (Simplicial complexes). Let (V, S) be a locally finite simplicial complex.
Equation (2.3.4) shows that the exodromic stratified space (A%, S) is locally categori-
cally compact and that it is categorically compact if and only if the set S is finite.

The following are the two main finiteness results proven in [HPT24]. They gener-
alize the classical finiteness theorems of homotopy groups of Lefschetz—Whitehead,
Lojasiewicz, and Hironaka. They are the conceptual basis for the rest of this paper.

Theorem 2.4.3 (Subanalytic finiteness). Let (M, X, P) be a subanalytic stratified space. Then:
(1) The stratified space (X, P) admits a refinement by a locally finite triangulation.

(2) The stratified space (X, P) is exodromic with locally weakly contractible strata.
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(3) The stratified space (X, P) is locally categorically compact.

(4) If X is compact, then (X, P) admits a refinement by a finite triangulation. Hence (X, P)
is categorically compact.
Theorem 2.4.4 (Algebraic finiteness). Let (X, P) be an algebraic stratified space. Then:
(1) If X is affine, (X, P) admits a categorically compact locally categorically compact conical
refinement (X, R) with locally weakly contractible strata and with R finite.
(2) The stratified space (X, P) is exodromic with locally weakly contractible strata.
(3) The stratified space (X, P) is categorically compact and locally categorically compact.

Remark 2.4.5. In the conical setting, stronger finiteness results have been obtained by
Volpe in [Vol24, Theorem 1.5 & Corollary 1.6].

The proofs of Equations (2.4.3) and (2.4.4) rely on the following more general stability
properties:

Proposition 2.4.6 ([HPT24, Theorem 3.6.2]). Let (X, P) be an exodromic stratified space and
S C P alocally closed subposet. If (X, P) is categorically compact, then so is (Xs, S).

Proposition 2.4.7 ([HPT24, Theorem 3.6.4]). Let (X, R) be an exodromic stratified space and
let R — P be a map of posets. If (X, R) is categorically compact, then so is (X, P).

2.5. l-pullback functoriality. We conclude this section by recalling !-pullback functo-
riality of (constructible) sheaves its main properties, mostly following [PT21]. Let us
highlight that a number of important results in the constructible setting require local
categorical compactness.

Recollection 2.5.1. Let X be a topological space, let i: Y < X be a closed immersion and
let j: U — X be the open complement. By [Hai22, Corollary 2.18 & Proposition 2.26] for
every presentable stable co-category &, the fully faithful functors

i,: ShYP(Y; €) <5 SAYP(X; £) «— ShYP(U; £): j,
exhibit Sh"YP (X; &) as a recollement of Sh™P(Y: £) and Sh™YP(U; £) in the sense of [Lur12,
A.8.1]. In particular, i,: ShMYP(Y; £) < ShYP(X; ) admits a right adjoint
i"hYP: ShYP(X; £) — ShWP(Y;€),
whereas j* admits a left adjoint j!hyp. For a locally closed immersion i: Y — X be-

tween topological spaces presented as the composition of a closed immersion t: Y — U
followed by an open immersion j: U — X, we set

PP = (MhYP o jhYP . GRIYP (X £) 5 SHYP(Y;E) .

This does not depend on the choice of the presentation of i. Observe also that i"hp
admits a left adjoint given by

iMYP = jP o 1, : SWYP(Y; E) — ShYP(X;E) .

Example 2.5.2. Let (X, P) be a stratified space. Let S C P be a locally closed subset.
Define
> S :={p € P| there exists s € S such thatp > s}
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The set > S is open in P and S is closed in > S. Thus, the inclusion is: Xs — X factors as

L iss
XS —S> X}S —> X,

where (5 is a closed immersion and i-s is an open immersion.

Lemma 2.5.3 ([PT21, Lemma 2.5.12]). Let i: Y — X be a locally closed immersion between
topological spaces presented as the composition of a closed immersion v: Y — U followed by
an open immersion j: U — X. Let L: £ = D :R be an adjunction between presentable stable
oo-categories. Then, the squares

ShWP(Y;£) 2, ShvP(v; D) ShYP(Y:£) &2 ShvP(v; )
i}fyp J J{if\yp and {Lhyp T Ti!,hyp
Sh™P(X;€) — > Sh™P(X; D) ShP(X; &) «— Sh™P(X; D)
commute.

In general, the !-pullbacks functors do not preserve P-hyperconstructibility: this is
indeed a special feature of the conical setting.

Notation 2.5.4 ([PT21, §6.5]). Let (X, P) be a conically stratified space and let £ be a
compactly generated presentable stable co-category. We denote by Cons}];??j (X; &) the full

subcategory of Consgyp(X; &) spanned by P-hyperconstructible hypersheaves with com-
pact stalks. Under the exodromy equivalence, they correspond to Fun(TT. (X, P), £%).

Proposition 2.5.5. Let (X, P) be a conically stratified space with locally weakly contractible
strata and let S C P be a locally closed subset. Let £ be a compactly generated presentable stable
oo-category.

(1) [PT21, Proposition 6.8.3] The functor i!s’hyp: ShMYP(X: £) — ShYP(Xg: &) restricts to
a functor

ighyp: Consgyp(X;E ) — COI’IS}SWP(XS;(C: ).
Assume in addition that (X, P) is locally categorically compact and that P is finite. Then:
(2) [PT21, Proposition 6.8.4] The functor ils’hyp restricts to a functor
ighyp: Consgiﬁ(X;S) — Conslg?:g(XS;S) .
(3) [PT21, Proposition 6.9.6] For every morphism L: £ — D of presentable stable co-

categories, the commutative square

ShP(Xg;€) ~% ShWP(Xg; D)

-hyp -hyp
ts,1 l Jls,!

ShMYP(X: £) —— ShWP(X: &)
Lhyp
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is vertically right adjointable on P-hyperconstructible hypersheaves. That is, for every
Fe Consgyp(X; &), the exchange transformation

1P o (WP (F) — VP o LhYP(F)

is an equivalence.

3. PERVERSE SHEAVES AND FLAT FAMILIES

In this section we collect, the basic facts about the perverse t-structure and about
how it varies in families. The main result is Eq. (3.3.5), which allows to prove that
the perverse t-structure universally satisfies openness of flatness in the sense of [DPS22,
Definition I11.2.54].

Convention 3.0.1. Throughout the whole section we fix a derived commutative ring
A and consider the associated presentable stable co-category Mod, equipped with its
standard t-structure T = ((Moda)>o, (Moda)<o), see [Lurl2, Proposition 7.1.1.13]. In
particular T is accessible, left and right complete and compatible with filtered colimits.

3.1. Hypersheaves and t-structures. We start by recalling the basics of the induced
t-structure on Moda-valued hypersheaves.

Recollection 3.1.1. Let X be a topological space. Recall from [Lurl8, Proposition 2.1.1.1]
that Sh™YP(X; Mod, ) is equipped with a t-structure

T;yp = (Shhyp(X; Moda)>o, Sh™P(X; MOdA)éO)

whose coconnective part is
Sh™P(X; ModA)So == Sh"™P(X; (Moda) <o) -

It follows from loc. cit. that TX P is accessible, left complete, and compatible with filtered
colimits. We refer to Ty P as the standard t-structure on Sh yp(X Modp ).

Recollection 3.1.2. Let f: X — Y be a map of topological spaces. Then [Lurl8, Remark
1.3.2.8] shows that the functor

£77P: ShP(Y; Mod,) — Sh"P(X; Mod,)

is t-exact with respect to the standard t-structures T})}yp and T};yp. Consequently, its right
adjoint

f.: Sh™P(X;Moda) — Sh"™P(Y;Moda)
is left (but typically not right) t-exact.

We make repeated use of the following elementary observation:

Lemma 3.1.3. Let f: £ — &' bea functor in Pr. Assume that € and E' are stable and equipped
with t-structures T = (Ex0,E<o) and v = (ELy, EL,). If  is t-exact and conservative, then an
object E € & is (co)connective if and only if f(E) is (co)connective.
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Proof. Write T<,, and T, for the truncation functors in £ and £’, respectively. Let E € £
be an object and assume that f(E) € £L. Then

0~ T’gan(E) ~ f(ten—1(E)),

where the second equivalence follows from t-exactness of f. Since f is conservative,
T<n-1(E) > 0, ie, E € £n. The symmetric argument (using the other truncation
functors) shows that if f(E) € £, then E € £, as well. O

1%

We collect below some well-known properties of the standard t-structure.

Corollary 3.1.4. Let X be a topological space. Then F € Sh™P (X;Modpa) is (co)connective if
and only if its stalks are (co)connective.

Proof. Eq. (3.1.2) and [HPT20, Recollection 1.7] imply that the stalk functors
{x*"YP . ShYP(X: Moda) — Moda xex
are t-exact and jointly conservative. The conclusion then follows from Eq. (3.1.3). O

Corollary 3.1.5. Let X be a topological space and let {U,}ic1 be an open cover of X. Then a

hypersheaf F € Sh™YP(X; Mod ) is (co)connective if and only if for each i € 1, the restriction
Flu, is (co)connective.

Proof. Immediate from Eq. (3.1.4). O

Remark 3.1.6. If A — B is a morphism in dCRing, the functor

Resy’f, : Sh™P(X; Mods) — Sh™P(X;Moda)

introduced in Eq. (2.2.14) is conservative and t-exact with respect to the standard t-
structures from Eq. (3.1.1). Thus, Eq. (3.1.3) shows that F € Sh™P(X; Modg) is (co)connective
if and only if so is Resg}ﬁ\(F) € Sh"YP(X; Mod,).

Lemma 3.1.7. Let X be a topological space. The following hold:

(1) For every open immersion j: U — X, the functor
j1: ShYP(U;Moda) < Sh™P(X; Moda)
is right T;yp—exact.
(2) For every locally closed immersion i: Y — X, the functor
i"hYP: ShWP(X; Moda) — Sh™P(Y;Mod )
of Eq. (2.5.1) is left Tiyp—exact.
(3) For every closed immersion i: Y — X, the functor
i,: Sh™P(Y;Moda) — Sh"™P(X;Mod )

. h
18 Txyp -exact.
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Proof. Item (1) follows from Eq. (3.1.2) as j; is left adjoint to j*hYP. We now prove
(2). Choose a presentation of i as a closed immersion t: Y — U followed by an open
immersion j: U < X, so that i""YP = (“*h¥P 0 j*hYP. By Eq. (3.1.2), j*MP is t-exact; hence
can reduce to the case where i is a closed immersion. Let j: X \ Y — X be the inclusion
of the open complement. For F € ShhyP (X;Moda), there is a fiber sequence

1P (F) — i9PYP(F) — {#1VPj PP (F) .

Thus, if F € Sh"YP(X; Moda ) <o, Eq. (3.1.2) shows that the middle and right terms are also

coconnective. Since Sh™P(X; Moda )< is stable under limits [Lurl2, Corollary 1.2.1.6],
the conclusion follows.

To prove (3), by Eq. (3.1.2), it remains to prove that i, is right ’r};(yp—exact. This follows
from item (2) as 1. is left adjoint to i""YP. O

Lemma 3.1.8. Let (X, P) be a stratified space with P noetherian. Then F € ShMYP(X; Modpn ) is
coconnective if and only if for each p € P, the |-restriction 15"P (F) is coconnective.

Proof. The direct implication follows from Eq. (3.1.7)-(2). Let us show the converse. Since
the open subsets {P>,},cp cover P, by Eq. (3.1.5) it suffices to show that

(3.1.9) i;’f ZP(F) is coconnective

for eachp € P.
We argue by contradiction and assume that (3.1.9) fails for some p € P. Since P is
noetherian, we can choose p to be maximal. Hence, for every q € P, the hypersheaf

.+ hyp

ip, (F) is coconnective. Since the open subsets {P>4}q>p cover P-,, Eq. (3.1.5) implies

that i;’f ZP(F) is coconnective. Let i: X, — Xp. and j: Xp_, < Xp.  be the inclusions
and consider the fibre sequence

LAy (F) — iMYP(F) - j*i;;fjp(F) .

>p

Then, by assumption combined with Eq. (3.1.2), the right and left terms of the above
sequence are coconnective. Hence so is the middle term, a contradiction. O

3.2. Perverse t-structures. In the following definition, we make use of the t-structure
on hypersheaves from Section 3.1.

Definition 3.2.1. Let (X, P) be a stratified space with P finite, let A € dCRing and
p: P — Z be a function. We define

PShYP(X; Moda)s0 = {F € Sh™YP(X;Moda) | Vp € P, iy™P(F) € Sh™P(Xp; Moda)>p(p) }
and
PSHYP (X; Moda ) <o = {F € Sh™P(X;Moda) | ¥p € P, 1P (F) € Sh™P(Xy; Moda) <p(p) }
Lemma 3.2.2. In the setting of Eq. (3.2.1), the subcategories

(PSh™P (X; Moda )0, "Sh™P (X; Moda ) <o)
define a t-structure on Sh'YP(X; Moda ).
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Proof. The proof is the same as [BBDG18, Corollary 2.1.4]. Namely we argue by recursion
on the cardinality of P. If P = {x}, Eq. (3.2.1) produces a shift of the standard t-structure

on ShP (X;Moda). Assume that P has at least two elements and pick p € P maximal.
Put Q = P\p and let q = plg: Q — Z. Then, the conclusion follows from the
observation that
(PSh™P (X; Mod a) >0, PSh™P (X; Mod A ) <o)
is the t-structure obtained by gluing the t-structure
(ISh™P (Xg; Moda ) 20, “Sh™P (Xo; Mod ) <o)

with the shifted standard t-structure

(Sh™P (Xp; Moda) 5p(p), Sh™P (Xp; Moda) <p(p)) - O

Notation 3.2.3. We refer to the t-structure from Eq. (3.2.1) as the p-perverse t-structure
and denote it by Pt,. We write

PPerviVP(X; Moda) C Sh™P(X;Moda)
for its heart.
Lemma 3.2.4. Let (X, P) be a stratified space with P finite and let p: P — Z be a function. Let
A — B be a morphism in dCRing. Then F € Sh™P(X;Modg) is " Ty-(co)connective if and only
if ResVF (F) € Shhyp(X; Mod,) is pftX—(co)connect‘ive.

B/A
Proof. For connectiveness, the claim follows from Remarks 3.1.6 and 2.2.13. For the
coconnectiveness, the claim follows from Eq. (3.1.6) and Eq. (2.5.3). O

Lemma 3.2.5. Let (X, P) be a stratified space with P finite and let p: P — Z be a function. Let
A — B be a morphism in dCRing. Then, there is a pullback square in Cat

ResP
pPervt};yp (X;Modg) AL Pervgyp (X;Moda)

| |

Sh"™P(X;Modg) ———— Sh™P(X;Mod,) .

ResBy/pA
Proof. Immediate from Eq. (3.2.4). O

Lemma 3.2.6. Let (X, R) be a stratified space with R finite and let ¢: R — P be a map of finite
posets. Let p: P — Z be a function and let v == p ¢: R — Z be the composite. Let A € dCRing.

Then, for every F € Sh™P(X;Mod ) the following hold :
(1) Fis Pty-connective if and only if it is *Ty-connective.
(2) Fis Pty-coconnective if and only if it is Ty-coconnective.
Proof. Apply Eq. (3.1.4) and Eq. (3.1.8). O
The following lemma allows us to verify openness of the perverse t-structure.

Lemma 3.2.7. Let (X, P) be a stratified space with P finite and let p: P — Z be a function.
Then:
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(1) A hypersheaf F € Sh™P(X;Moda) is Pty -connective if and only if for each p € P, the
. +,hyp .
stalks of i," " (F) are p(p)-connective.

(2) A hypersheaf F € Sh™P(X; Moda) is Pty -coconnective if and only if for each p € P, the
.Lhyp .
stalks of i, °* (F) are p(p)-coconnective.

Proof. By definition F is pTX—(co)connective if and only if for each p € P one has

4P (F) € Sh™P(X,;Moda)sp(p) (resp., iy P (F) € Sh™P(Xp;Moda)sy(p)- Thus, the
conclusion follows from Eq. (3.1.4). O

3.3. Flatness. From this point on, we make heavy use of the notations from Eq. (2.2.14).
The following is the translation of [DPS22, Definition I1.2.44] in our special setting:

Definition 3.3.1. Let (X, P) be a stratified space with P finite and let p: P — Z be a
function. For A € dCRing, we say that an A-linear hypersheaf F € Sh™P(X;Mod,) is
P Ty flat relative to A if for each M € Modg, we have

M @"PF € PPerv™P(X; Moda) .

Warning 3.3.2. Recall that A lies in Modg if and only if the natural map A — my(A) is
an equivalence, that is when A is underived. In that case, a pTX—ﬂat object automatically

lies in PPerv™P(X;Mod ). However, unless A is a field, objects in PPerviYP(X: Mod,)
are not automatically A-flat.

Lemma 3.3.3 ([DPS22, Lemma I1.2.45]). Let (X, P) be a stratified space with P finite and let
p: P — Z be a function. Let A — B be a morphism in dCRing and let F € Sh™P(X; Mod ).
IFF is v, flat relative to A, then B @%P F is P -flat relative to B.

Proof. Immediate from Eq. (3.2.4) and the projection formula from Eq. (2.2.14). O

Eq. (3.3.5) provides a stalkwise reformulation of P1-flatness.

Lemma 3.3.4. Let (X, P) be a conically stratified space with locally weakly contractible strata and
let S C P be a locally closed subset. Assume that (X, P) is locally categorically compact and that
P is finite. Then for every A € dCRing, every M € Moda, and every F € Consp(X;Mod, ),
the natural transformation

M ®2}’P ighYP(F) . ils'hyp(M ®}/}KYP 3
is an equivalence.
Proof. Apply Eq. (2.5.5)-3)toL =M ®a (—) : Moda — Moda. O

Theorem 3.3.5. Let (X, P) be a conically stratified space with locally weakly contractible strata
and let p: P — Z be a function. Assume that (X, P) is locally categorically compact and that P

is finite. Let A € dCRing and let F € Consgyp(X; Modpa ). Then the following statements are
equivalent:

(1) The hypersheaf F is P, ~flat relative to A.
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(2) For each p € P, the stalks of i;’hyp(F) have Tor-amplitude contained in [p(p), +o0)
(equivalently, they are p(p)-connective) and the stalks of ii;hyp (F) have Tor-amplitude
contained in (—oo, p(p)l.

Proof. By Eq. (3.2.7), the hypersheaf F is pTx—ﬂat relative to A if and only if for every
M e Modg and every p € P, the stalks of i;’hyp (M ®}/§yp F) are p(p)-connective and the
stalks of i]![;hyp(M ®})\yp F) are p(p)-coconnective. By Eq. (2.2.13), we have

P (M @YPF) ~ M @P P (F)
Furthermore, Eq. (3.3.4) gives

ii;hyp(M ®2yp F)~ M ®2yp i]!;hyp(F) _
The conclusion thus follows. O
Remark 3.3.6. It should be noted that, although the proof is simple, the whole difficulty
is hidden in Eq. (3.3.4), which ultimately relies on the key computation performed in

[PT21, Proposition 6.7.5]. The proof of the latter result relies on a careful analysis of the
geometry of conically stratified spaces.

The following is the translation of [DPS22, Lemma II.2.46] in our setting:

Corollary 3.3.7. In the setting of Eq. (3.3.5), let A — B be a faithfully flat map in dCRing.

Then F € Consy’? (X;Mod ) is Pt,flat relative to A if and only if B @ P F is Pt flat relative
to B.

Proof. The “only if” is the content of Eq. (3.3.3). By Eq. (3.3.5), Eq. (2.2.13) and Eq. (2.5.5)-
(3), the “if” reduces to the fact that Tor-amplitude of given range is a fpqc local property
[Lurl8, Proposition 2.8.4.2]. O

4. PERVERSE CHARACTER STACKS

We approach the main representability result. Its proof combines the finiteness
theorem from [HPT24] (see Theorems 2.4.3 & 2.4.4) with the characterization of perverse
flatness of Eq. (3.3.5).

Convention 4.0.1. Throughout this whole section, we fix k € dCRing. All derived stacks
should tacitly be understood to be over k.

4.1. Moduli of constructible complexes. We first construct a derived geometric stack,
locally of finite type, parametrizing complexes of constructible sheaves on a fixed
(sufficiently nice) stratified space (X, P). This is not a 1-Artin stack, but rather a higher
stack, in the sense of Simpson [Sim96]. Following the general philosophy of [DPS22,
§I1.2], using the perverse t-structure, we cut out the 1-Artin stack of perverse sheaves as
an open in the larger stack of complexes of constructible sheaves.

Notation 4.1.1. Given a stratified space (X, P) and A € dCRing, , we write
Consgiﬁ (X;Moda) C Consgyp (X;Moda)

for the full subcategory spanned by the hyperconstructible hypersheaves on (X, P) whose
stalks belong to Perfa.
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Definition 4.1.2. Let (X, P) be a stratified space. Let
Consp(X): dAff]'ip — Spc
be the derived prestack sending S = Spec(A) € dAffy to the maximal co-groupoid

contained in Consl;,ycls (X;Moda). The functoriality is induced by the extension of scalars,
discussed in Eq. (2.2.14). When P = *, we write LC(X) instead of Cons.(X).

Remark 4.1.3. Given a map of stratified spaces f: (X, P) — (Y, Q), the functor fHhYP of
Eg. (2.2.9) induces a morphism of derived prestacks Consq(Y) — Consp(X).

Lemma 4.1.4. Let (X, P) be a stratified space and let k be a derived commutative ring. Then, the
presheaf
Consp(—): Open(X)°? — PSh(dAffy)

satisfies hyperdescent.

Proof. Since constructibility and compactness of stalks can be checked locally, the state-
ment follows from hyperdescent of ShMP(—, &), which holds for every £ € Prt. O

Our first task is to compare the derived prestack Consp(X) with the moduli of objects of

the (large) co-category Cons}];yp (X;Mody). For the convenience of the reader, we briefly
recall the Toén and Vaquié’s construction (see [DPS22, §II.2.4] for a more extended
survey):

Recollection 4.1.5 (Toén and Vaquié’s moduli of objects). Let C Pr]l;"”. Its moduli of
objects is the derived stack
Mc: dAFF® — Spc
given by the rule
M (Spec(A)) = Funi!((C*)°P, Perf(A))~,
where Funj! denotes the co-category of exact, k-linear functors. When C is a compact

object of Pri’w, [TV07, Theorem 3.6] states that M is a locally geometric derived
stack locally of finite presentation. Moreover, Corollary 3.17 in loc. cit. states that if
x: Spec(A) — M classifies F: (C*)°P — Perf(A), then the pullback of the tangent
complex of Mg at x is given by the formula

X*T/\/lc = HomFuni‘((Cw)OP,Perf(A)](F’ Bl

Lemma 4.1.6. Let (X, P) be an exodromic stratified space with locally weakly contractible strata.
Let A € dCRing, . Then:

(1) The exodromy equivalence of Eq. (2.3.5) restricts to an equivalence

Fun(TT, (X, P), Perfa) ~ Conshyp(X; Mod,) .

P,w

(2) The derived prestack Consp (X) satisfies flat hyperdescent and it is thus a derived stack.

Proof. The second statement follows from the first and the fact that the assignment
A — Perfp satisfies flat hyperdescent [Lurl8, Corollary D.6.3.3 & Proposition 2.8.4.2-
(10)]. The first statement follows from the fact that, in the exodromy equivalence

Fun (T (X, P),Moda) ~ Consi (X;Moda) ,
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evaluation at an object [x] € T (X, P) corresponds to taking the stalk at a point x € X
representing [x], see Eq. (2.3.6) and Eq. (2.3.8). O

Lemma 4.1.7. Let (X, P) be an exodromic stratified space. Set C := ConsP P(X;Mody). Then
for every A € dCRing,, there is a canonical equivalence

(4.1.8) Funy! ((C*)°P,Moda) ~ Cons?yp(X;ModA) .

Proof. Note that C is a compactly generated presentable stable k-linear co-category in
virtue of Eq. (2.3.9). We have:

ConsP P(X:Mod,p) ~ Consgyp (X) ® Moda
~ (Consgyp(X) ® Mody) @mod, Moda
~ C ®Mod, Moda
~ Fun{(C°P, Mod)
~ Fun{'((C*)°P,Moda) ,
and the conclusion follows. O

Lemma 4.1.9. In the setting of Eq. (4.1.7), assume furthermore that (X, P) has locally weakly
contractible strata. Then the equivalence (4.1.8) restricts to an equivalence

Funy! ((C®)°P, Perf(A)) ~ Cons};iﬁ(x; Moda,) .
In particular, there is a canonical equivalence of derived stacks

M ~ Consp(X) .

Proof. Under the equivalence (4.1.8), the hypersheaf F € ConsP P(X;Modpa) corresponds
to the assignment

G — Hom AP G,F).

Cons}F‘,yp (X;Moda) (

Note also that for a functor in Funj! ((C @)°P, Mod A) the condition to land in Perf(A) can
be checked on a subset of objects generating C* under finite colimits and retracts. Hence,
the condition to land in Perf(A) can be checked on a set of compact generators of C.
Since (X, P) has locally weakly contractible strata, Eq. (2.3.9) implies that C is compactly
generated by the x;°"*(k) for x € X. On the other hand, we have

Hom (A P x$(k), F) ~ Hom

ConsP (X;Moda ) XCODS(A)’F)

Cons};yp(X;Mod A)( #
~ Homyjod,, (A, x*"P(F))

~ x*MYP(F) |
The conclusion thus follows. O

In order to invoke Toen and Vaquié’s representability result, one needs a compactness
assumptions on ConsPyp (X;Mody). This are provided by Equations (2.4.3) and (2.4.4)
via:
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Lemma 4.1.10. Let K be the collection of finite simplicial sets with Idem added and let
PShy: Caty, — Catroeo"’iClem
be the left adjoint of the forgetful functor Cat™®%™ _ Cat,,. (See [Lur09, Proposition
5.3.6.2] for why this adjoint exists.) Then, for every C € Cats, the following hold:
(1) We have PShy-(C) = PSh(C)®.

(2) If C is compact, then PSh(C) is a compact object in Pr™*.
(3) If C is compact, the tensor product
PSh(C)y == PSh(C) ® Mody
is compact in Pr®.

Proof. By construction, PShy(C) is the smallest full subcategory of PSh(C) containing
the image of the Yoneda embedding and closed under K-indexed colimits. In particular,
PShy(C) € PSh(C)® and the equality holds thanks to [Lur09, Proposition 5.3.4.17]; this
proves (1).

For (2), assume that C is compact in Cats,. By [Lur09, Proposition 5.5.7.11 & Corollary
4.4.5.21], the right adjoint Cat™®9™ _; Cat,, commutes with filtered colimits. Thus,
PShy(C) is a compact object of Cat'®4e™  Gince Ind induces an equivalence between
Catr;x'idem and Prv® by [Lurl2, Lemma 5.3.2.9], we deduce that Ind(PShy (C)) is compact
in Pr®. By (1) combined with the fact that PSh(C) is compactly generated in virtue of
[Lur09, Proposition 5.3.5.12], we have

Ind(PShi(C)) ~ Ind(PSh(C)®) ~ PSh(C)

and (2) is proved.
Item (3) follows from (2) and the fact that the forgetful functor Pri"U — Pr® com-
mutes with limits and colimits. Hence, its left adjoint preserves compact objects. O

Corollary 4.1.11. Let (X, P) be a categorically compact exodromic stratified space. Then,
Cons}];yp(X; Mody) is compact in Pr{;’w.

Proof. The exodromy equivalence yields
Consp? (X; Mody) = Fun (TTs (X, P), Mod) =~ PSh (T4 (X, P)%P) @ Modj .
Thus the claim follows from Eq. (4.1.10). (]
Summing up the results discussed so far, we obtain:

Proposition 4.1.12. Let (X, P) be a categorically compact exodromic stratified space with locally
weakly contractible strata. Then:

(1) The derived stack Consp(X) is locally geometric and locally of finite presentation.

(2) The tangent complex at a point x: Spec(A) — Consp(X) classifying a constructible
sheaf F € ConspP (X; Mod,) is given by

P,w

X*TCOHSP(X) = HomCOHS};YP(X;MOdA) (F/ F) []] s

where the right hand side denotes the Mod a-enriched Hom of Consp(X;Moda).
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Proof. Set C = Consgyp(X; Mody). By Eq. (4.1.9), the stack Consp(X) is canonically
equivalent to the moduli of objects M. Since (X, P) is categorically compact, the
category C is a compact object of Prt"U in virtue of Eq. (4.1.11). Then the conclusion
follows from Toén and Vaquié’s results, see Eq. (4.1.5). O

To get rid of the dependence of the specific stratification, we study how the moduli
Consp(X) behaves under coarsenings:

Proposition 4.1.13. Let (X, R) be a categorically compact exodromic stratified space with locally
weakly contractible strata. Let ¢: R — P be a map of posets. Then the induced map of locally
geometric derived stacks

1: Consp(X) — Consg(X)

is a representable open immersion.

Proof. From Eq. (2.4.7), we see that (X, P) is exodromic and categorically compact. There-
fore, Eq. (4.1.12) implies that both Consp(X) and Consg(X) are locally geometric and
locally of finite presentation. In particular, the morphism i automatically locally of finite
presentation, and to prove that it is an open immersion suffices to prove that it is étale
and that the diagonal map

Ai: Consp(X) — Consp(X) X consg (x) Consp (X)

is an equivalence. Equation (2.3.10) shows that T (X, R) — T (X, P) exhibits TTo (X, P)
as the localization of T (X, R) at the collection of morphisms Wp. It follows that for
every derived k-algebra A, the functor

(4.1.14) Consi’® (X; Moda) — Consp® (X; Moda)

is fully faithful. In particular, Consp(X)(Spec(A)) — Consg(X)(Spec(A)) is fully faithful;
this immediately implies that A; is an equivalence.

We are left to check that i is étale. Notice that i is automatically locally of finite
presentation. Thus [TV08, Corollary 2.2.5.6] implies that it suffices to show that i is
formally étale, i.e., that the cotangent complex of i vanishes. This follows at once
from fully faithfulness of (4.1.14) and the formula for the tangent complex provided by
Eq. (4.1.12)-(2). O

We finally arrive at:

Theorem 4.1.15.

(1) Let X be a compact subanalytic space. Then there exists a derived stack Cons(X) over k
parametrizing complexes of sheaves with perfect stalks that are constructible with respect
to some subanalytic stratification of X.

(2) Let X be a R-algebraic variety. Then there exists a derived stack Cons(X) complexes
of sheaves with perfect stalks that are constructible with respect to some algebraic
stratification of X.

Furthermore, in both cases Cons(X) is locally geometric and locally of finite presentation.

Proof. In both cases, we define

Cons(X) = co}jim Consp(X),
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where the colimit is taken over subanalytic (resp., algebraic) stratifications of X. Using
Eq. (2.4.3) (resp., 2.4.4), we see that the assumptions of Eq. (4.1.12) are satisfied. On the
other hand, Eq. (4.1.13) implies that the transition morphisms are representable by open
Zarisi immersions, whence the conclusion. O

4.2. Moduli of Perverse hyperconstructible hypersheaves. We now turn our attention
to the moduli of perverse sheaves. In light of Eq. (3.3.3), we can make the following
definition:

Definition 4.2.1. Let (X, P) be a stratified space with P finite and let p: P — Z be a
function. We let
PPervp(X) C Consp(X)

be the sub-prestack parametrizing Pt,-flat hypersheaves, see Eq. (3.2.3) and Eq. (3.3.1).
We refer to PPervp(X) as the derived prestack of perverse hyperconstructible hypersheaves on
(X, P).

Remark 4.2.2. In the setting of Equation (4.2.1), let S = Spec(A) € Affy be an underived
affine scheme and let F, G be two Pt -flat families of constructible sheaves over S. In
particular, both F and G belong in "Sh™P(X;Moda ). The axioms of a t-structure therefore
imply that

MapShhyp(X;M odr) (F,G) ~ 10 Horrlshhyp(X_J\,I0 dA) (F,G)
is discrete. In particular, [Lur09, Proposition 2.3.4.18] implies that PPervp(X) is a 1-
truncated derived prestack.

Lemma 4.2.3. Let (X, P) be a stratified space with P finite. Then, the presheaf
PPervp(—) : Open(X)°P — PSh(dAffy)
satisfies hyperdescent.

Proof. From Lemmas 3.3.3 and 4.1.4, it is enough to check that for every S € dAffy and
every F € Consp(X)(S), if there exists an open cover {U, }ic of X such that each restriction

Flu, € Consp(U;)(S) is pTlflyip—ﬂat, then Fis p’rX—ﬂat. This follows from Eq. (3.1.5). O

Lemma 4.2.4. Let (X, P) be a conically stratified space with locally weakly contractible strata
and let p: P — Z be a function. Assume that (X, P) is locally categorically compact and that P
is finite. Then, the prestack PPervp(X) satisfies flat hyperdescent, and it is thus a derived stack.

Proof. By Eq. (4.1.6)-(2), it is enough to check that P, -flatness satisfies flat hyperdescent.
This is the content of Eq. (3.3.7). O

Lemma 4.2.5. Let (X, R) be a stratified space and let ¢: R — P be a map of posets. Assume that
both R and P are finite. Let p: P — Z be any function and write v for the composite p $: R — Z.
Then the square of prestacks over k

PPervp(X) «—— "Pervg(X)

[ J

Consp(X) —— Consg(X)

is a pullback.
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Proof. Immediate from Eq. (3.2.6). O
Notation 4.2.6. For integers a < b, we let

Perf|, 1) C Perf
be the substack parametrizing perfect complexes of Tor-amplitude contained in [a, b].

Notation 4.2.7. Given an co-category C, we write Perf® (resp., Perf[ca’b}) for the derived
stack sending A € dAff to the maximal co-groupoid contained in Fun(C, Perf(A)) (resp.,
Fun(C, Perf(A)|q1)). Notice that, when C = T (X) for some locally weakly contractible
topological space, we have

Perf =X = LC(X) .
In this case, we use the notation LC(X)(q p).

Lemma 4.2.8. Let C be an co-category such that 7o(C™) is finite. Let a < b be integers. Then
the induced morphism of derived stacks

Perf[calb] — Perf*
is representable by an open immersion.

Proof. Choose a finite set S of objects of C representing all equivalence classes of objects
in C. Then the diagram of derived stacks

Perf[ca/m — HPerf[a,b}

| 7

PerfC — HPerf.

ceS

is cartesian. Since S is finite, [Lur18, Proposition 6.1.4.5] implies that the right vertical
map is an open immersion. Hence, so is the left vertical map. O

The condition of Eq. (4.2.8) is automatic for compact co-categories:

Lemma 4.2.9. Write Cat™™™ for the full subcategory of Cato, spanned by those co-categories
C for which 1o(C=) is finite. Then Cat™fin js closed under retracts, finite coproducts, and
pushouts. In particular, Cat™®™ ™™ contains all compact co-categories.

Proof. First observe that since finite sets are closed under retracts in Set, the subcategory
Catgg'ﬁn is closed under retracts. Second, note that the maximal sub-oco-groupoid functor
(—)~: Catc — Spc preserves coproducts, and my: Spc — Set is a left adjoint, the
functor C — 7p(C~) also preserves coproducts. Since finite sets are closed under finite
coproducts, we deduce that Catgg'ﬁn is closed under finite coproducts. For closure under
pushouts, notice that given a span of co-categories B «— A — C, there is a surjective
functor BUC — BLUAC from the coproduct of B and C to the pushout. So if 7y (B~)
and 715(C™) are finite, then 715 ((B LA C)™) is also finite.

For the final statement, recall that the full subcategory spanned by the compact oo-
categories is the smallest full subcategory containing @, *, and [1] and closed under
pushouts. O
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Lemma 4.2.10. Let (X, P) be a conically stratified space with locally weakly contractible strata
and let p: P — Z be a function. Assume that (X, P) is locally categorically compact and that P
is finite. Then, the square of derived stacks

.+hyp . Lh
(1p YP,1 yp

PPervp(X) P

)pGP

H LC(Xp)[p(p),+OO) X LC(XP)(—OO,P(P)]

peP

Consp(X) JTrcx,) x Lex;)

.xhyp . Lhyp
(1p Ap )pEP peP

is a pullback.

Proof. Since (X, P) is conically stratified with locally weakly contractible strata and
locally categorically compact, Eq. (2.5.5)-(1) ensures that the lower horizontal arrow is
well-defined. The implication (1) = (2) in Eq. (3.3.5) guarantees that the upper horizontal
arrow is well-defined as well. The implication (2) = (1) from the same theorem implies
that the above square is a pullback. O

Theorem 4.2.11. Let (X, R) be a conically stratified space with locally weakly contractible strata,
let ¢: R — P be a map of posets, and let p: P — Z be a function. Assume that R and P are finite
and that (X, R) is locally categorically compact. Then:

(1) The derived prestack PPervp(X) satisfies flat hyperdescent and it is thus a derived stack.
Assume furthermore that (X, R) is categorically compact. Then:
(2) The morphism PPervp(X) — Consp(X) is representable by open Zariski immersions.

(3) The derived stack PPervp(X) is 1-Artin and locally of finite presentation.

Proof. Write vt :=p ¢: R — Z. For item (1), observe that (X, R) and (X, P) are exodromic
thanks to Eq. (2.3.3) and Eq. (2.3.10). Furthermore, [HPT24, Lemma 5.2.8] guarantees that
they have locally weakly contractible strata. By Eq. (4.1.6)-(2), the prestacks Consp(X)
and Consg(X) thus satisfy flat hyperdescent. Moreover, Eq. (4.2.4) shows that PPervg (X)
satisfies flat hyperdescent and the conclusion follows from Eq. (4.2.5).

We now prove item (2). By Eq. (4.2.5), it is enough to show that

PPervi(X) — Consg(X)

is representable by open Zariski immersions. Since (X, R) is categorically compact,
Eq. (2.4.6) shows that for every r € R, the co-groupoid T (X;) is compact and hence
(Moo (Xr)) is finite by Eq. (4.2.9). Hence, Eq. (4.2.8) implies that the right vertical
arrow of the pullback square provided by Eq. (4.2.10) is representable by open Zariski
immersions. The conclusion follows.

We now prove (3). Observe that (X, P) is categorically compact by Eq. (2.4.7). Hence,
Eq. (4.1.12) shows that Consp(X) is locally geometric and locally of finite presentation.
Thus, item (2) implies that PPervp(X) is locally geometric and locally of finite presenta-
tion, and the conclusion follows from Eq. (4.2.2). O
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Remark 4.2.12 (The conically stratified case). If (X, P) is conically stratified (as opposed
to conically refineable, as in Equation (4.2.11)). Then Eq. (2.5.5) implies the perverse t-

structure pTX descends to a t-structure on Cons}];yp (X;Mody). In this situation, PPervp(X)
coincides exactly with the moduli of flat objects discussed in [DPS22, §I1.2.6].

Examples where Consp(X) and PPervp(X) are locally geometric and locally of finite
presentation come in abundance:

Corollary 4.2.13. Let (X, P) be a stratified space with P finite, let p: P — Z be any function,
and let k be a derived commutative ring. Assume one of the following conditions:

(1) The stratified space (X, P) admits a refinement by a finite triangulation.

(2) The topological space X is compact and (X, P) admits the structure of a subanalytic
stratified space in the sense of Equation (2.1.8).

(3) The stratified space (X, P) admits the structure of an algebraic stratified space in the
sense of Equation (2.1.9).

Then the derived prestacks Consp(X) and PPervp(X) are derived stacks that are locally geometric
and locally of finite presentation.

Proof. Inlight of Eq. (2.3.3) and Equation (2.4.2), item (1) is a special case of Eq. (4.2.11).
Similarly, by Equation (2.4.3)-(4), item (2) is a special case of (1). Let us now prove (3).
Note that by Equation (4.1.12) and Equation (2.4.4)-(2)(3), the derived prestack Consp(X)
is a derived stack that is locally geometric and locally of finite presentation. Moreover,
since the properties of being a derived stack, being locally geometric, and being locally
of finite presentation are stable under finite limits, Equation (4.2.3) reduces the claim for
PPervp(X) to the case where X is affine. To conclude, note that Equation (2.4.4)-(1) shows
that an affine algebraic stratified space satisfies the conditions of Eq. (4.2.11)-(3). The
conclusion thus follows. O

Corollary 4.2.14. In this statement we let p denote the middle perversity function.

(1) Let X be a compact subanalytic space. Then there exists a derived stack PPerv(X) over k
parametrizing perverse sheaves that are constructible with respect to some subanalytic
stratification of X.

(2) Let X be a R-algebraic variety. Then there exists a derived stack’Perv (X) parametrizing
perverse sheaves that are constructible with respect to some algebraic stratification of X.

Furthermore, in both cases PPerv (X) is 1-Artin and locally of finite presentation.

Proof. Immediate from Eq. (4.1.15) and Eq. (4.2.13). O

4.3. Application: the perverse cohomological Hall algebra. To showcase the utility
of the derived structure we obtained on PPervp(X), we construct a new example of a
cohomological Hall algebra. Let X be a smooth curve over C equipped with n distinct
marked points {p1,p2,..., pn}. We see X as a stratified space over the poset P ={0 < 1},
equipped with the middle perversity function, that is

p(0)=0,  p(1)=-1.
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Since (X, P) is conically stratified, PPervp(X) is identified with the moduli of flat ob-

jects [DPS22, §I1.2.6] associated to the stable oco-category Const];yp (X;Mod¢) and the
t-structure "1y, see Eq. (4.2.12). In particular, we obtain:

Theorem 4.3.1. In the above situation, the Borel-Moore homology
HM ("Pervp(X); Q)

has a natural associative product, given by Hall convolution. A similar statement holds for G-

theory in place of Borel-Moore homology. At the categorified level, Coh® (PPervp (X)) supports
an E1-monoidal structure given by Hall convolution.

Proof. We only need to apply [DPS22, Theorem 11.4.3]. Concerning Assumption C in loc.
cit.: C.1is provided by Eq. (2.4.4); C.2 is automatic in this setting; C.3 has been verified in
Eq. (4.2.11)-(2). Concerning C.4, we observe that, in the proof of [DPS22, Theorem 11.4.3]
it is only needed its consequence [DPS22, Lemma I1.4.2]. We prove an analogue of this
statement in our setting in Eq. (4.3.2) below. Finally, to check that the map [DPS22, 11.4.2]
is locally representable by proper algebraic spaces, we invoke [Lam?25, Propositions 3.4.6
& 4.2.8]. O

Lemma 4.3.2. Let k be a field. Let (X, P) as above. Let F, G € pPervgyp(X; Mody). Then

HomCons}];yp )(F, G) € Mody

(X;Modk
is concentrated in homological degrees [—2,0].

Proof. Let us denote by
D: Consgyp(X; Mody) — Consgyp(X; Mody)
the Verdier duality functor. Then, there is a canonical equivalence

Hom___ iy F,G) ~ RI'(X,D(F® DG)) .
OI'ISP

(X;Mody) (

By Poincaré-Verdier duality, showing that the above complex is concentrated in ho-
mological degrees [—2,0] amounts to showing that RI.(X,F ® IDG) is concentrated
in homological degrees [0,2]. Since IDG is perverse, we are thus left to show that if

F,G ¢ pPervgyp(X; Mody), then T (X, F ® G) is concentrated in homological degrees [0, 2].
By definition, F ® G is concentrated in homological degrees [0, 2] and both 7t (F ® G) and
7 (F ® G) are punctually supported. Since X is a curve over C, the only potential non
zero terms of the spectral sequence

E2 =X, mq(F® G)) = mpiqle (X, F® G)

are thus
2 2 2 g2 2
Esor EG1, Bo2r ESip BEZos

This implies the sought-after range. O
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