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Abstract
We show that compact subanalytic stratified spaces and
algebraic stratifications of real varieties have finite exit-
path ∞-categories, refining the classical theorems of
Lefschetz–Whitehead, Łojasiewicz, andHironaka on the
finiteness of the underlying homotopy types of these
spaces. These stratifications are typically not conical;
hence, we cannot rely on the currently available exo-
dromy equivalence between constructible sheaves on a
stratified space, which requires conicality as a funda-
mental hypothesis. Building on ideas of Clausen and
Jansen, we study the class of exodromic stratified spaces,
for which the conclusion of the exodromy theorem
holds. We prove two new fundamental properties of this
class of stratified spaces: coarsenings of exodromic strat-
ifications are exodromic, and every morphism between
exodromic stratified spaces induces a functor between
the associated exit path∞-categories. As a consequence,
we produce many new examples of exodromic stratified
spaces, including: coarsenings of conical stratifications,
locally finite subanalytic stratifications of real analytic
spaces, and algebraic stratifications of real varieties. Our
proofs are at the generality of stratified ∞-topoi, hence
apply to even more general situations such as stratified
topological stacks. In a subsequent paper,we use the pre-
viouslymentioned finiteness results to construct derived
moduli stacks of constructible and perverse sheaves.
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0 INTRODUCTION

0.1 Motivation

Let (𝑋, 𝑃) be a stratified space. MacPherson observed the following generalization of the
monodromy equivalence: provided the stratification of 𝑋 is sufficiently nice, the category of con-
structible sheaves of sets on (𝑋, 𝑃) is equivalent to the category of functors from the exit-path
category of (𝑋, 𝑃) to 𝐒𝐞𝐭. Treumann [46] provided the first general account of this phenomenon,
and Treumann’s result has since been generalized by Lurie [34, Theorem A.9.3], Lejay [31], and
Porta and Teyssier [41]. To contextualize the results of this paper, let us first recall themost general
theorem of this form currently available. Write Cons

hyp
𝑃

(𝑋) for the ∞-category of hypercon-
structible hypersheaves† of spaces on𝑋. If the stratification of (𝑋, 𝑃) is conical (see [41, Definition
2.1.9]) and the strata are locally weakly contractible, the exodromy theorem‡ [41, Theorem 5.4.1]
provides an equivalence of∞-categories

Φ𝑋,𝑃 ∶ Cons
hyp
𝑃

(𝑋) ⥲ Fun(Π∞(𝑋, 𝑃), 𝐒𝐩𝐜) . (0.1.1)

HereΠ∞(𝑋, 𝑃) is Lurie’s exit-path∞-category of (𝑋, 𝑃), introduced in [34, Definition A.6.2]. The
objects of Π∞(𝑋, 𝑃) are the points of 𝑋. Roughly speaking, the 1-morphisms are exit-paths flow-
ing from lower to higher strata (and once they exit a stratum are not allowed to return), the
2-morphisms are homotopies of exit-paths respecting the stratifications, and so forth. The functor
Φ𝑋,𝑃 carries a sheaf 𝐹 to the functor informally described by sending a point 𝑥 ∈ 𝑋 to the stalk

† In this introduction, the reader can safely disregard the adjective “hyper.” Hypersheaves are used in [21, 31, 41] to relax
the geometric assumptions needed for the theorem.
‡ The term “exodromy” was first introduced in [8] as a combination of “monodromy” and “exit-paths.”
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EXODROMY BEYOND CONICALITY 3 of 98

𝐹𝑥, and each exit-path 𝑥 → 𝑦 to a specialization map 𝐹𝑥 → 𝐹𝑦 , together with higher coherences
relating these data. Conicality has played an essential role in almost all exodromy theorems avail-
able in the literature. First, it is crucial in proving that the geometrically defined objectΠ∞(𝑋, 𝑃)

is indeed an ∞-category [34, Theorem A.6.4]. Second, it is used at various points in the proof of
the equivalence (0.1.1). Many stratifications naturally arising in geometry fail to be conical: typical
examples are general subanalytic stratifications of real analytic manifolds, such as those arising
from the study of the Stokes phenomenon for algebraic differential equations (see [39, 40]). Deep
work of Thom,Mather, andVerdier among others on analytic stratified spaces has shown that con-
ical (in fact, Whitney) refinements are always available [18]; however, it is sometimes essential to
work with a fixed stratification. The purpose of this article is to generalize the exodromy equiv-
alence to many naturally occurring nonconically stratified spaces, paying particular attention to
the conically refineable situation.

0.2 Exodromic stratified spaces

To state the results of this paper, we need to briefly introduce the concept of an exit-path ∞-
category without reference to any particular simplicial model. As highlighted by Ayala et al. [6,
Problem 0.0.9] and explained by Clausen and Jansen [14, 26, 28], one should be able to trade off
the conicality of a stratified space (𝑋, 𝑃) and Lurie’s simplicial model for the exit-path∞-category
for the following three requirements of the∞-category Cons

hyp
𝑃

(𝑋):

Definition 0.2.1 (cf. [14, Definition 3.5]). A stratified space 𝑠 ∶ 𝑋 → 𝑃 is exodromic if the following
conditions are satisfied:

(1) The∞-category Cons
hyp
𝑃

(𝑋) is atomically generated.
(2) The subcategory Cons

hyp
𝑃

(𝑋) ⊂ Shhyp(𝑋) is closed under both limits and colimits.
(3) The pullback functor 𝑠∗,hyp ∶ Fun(𝑃, 𝐒𝐩𝐜) ≃ Shhyp(𝑃) → Cons

hyp
𝑃

(𝑋) preserves limits.

Let us comment on these requirements. Concerning (1), note that the exodromy theorem guar-
antees that the ∞-category Cons

hyp
𝑃

(𝑋) can be written as an ∞-category of presheaves. Atomic
generation is an intrinsic way to formulate this property: given a presentable ∞-category , an
object 𝑐 ∈  is atomic if the functor

Map(𝑐, −)∶  → 𝐒𝐩𝐜

preserves all colimits. Write at ⊂  for the full subcategory spanned by the atomic objects. Then
 is said to be atomically generated if the unique colimit-preserving extension

PSh(at) → 

of at ⊂  along the Yoneda embedding is an equivalence (see Section 1.1 for more background
on this notion). In the setting of Definition 0.2.1, we write Π∞(𝑋, 𝑃) for the opposite of the full
subcategory of Cons

hyp
𝑃

(𝑋) spanned by atomic objects. We refer to Π∞(𝑋, 𝑃) as the exit-path ∞-
category of (𝑋, 𝑃). The second feature is that Cons

hyp
𝑃

(𝑋) ⊂ Shhyp(𝑋) is closed under both limits
and colimits. This is in some sense a categorical regularity condition, which is akin to but weaker
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4 of 98 HAINE et al.

than conicality: see [41, Corollary 5.4.4] for a proof in the conical setting, and see Definition 2.4.10
and Example 2.4.11 for other examples of regularity properties enjoyed by the conical situation.
The third feature is that, by construction, the exit-path ∞-category of (𝑋, 𝑃) is equipped with a
functor to the stratifying poset 𝑃. Given conditions (1) and (2), condition (3) guarantees that the
stratification of 𝑋 equips Π∞(𝑋, 𝑃) with a functor Π∞(𝑋, 𝑃) → 𝑃; see Recollection 1.1.12.

0.3 The stability theorem

The analysis of the conical situation carried out in [41] shows that conically stratified spaces with
locally weakly contractible strata are exodromic in the sense of Definition 0.2.1. However, the
class of such stratified spaces does not have many stability properties; for example, a coarsening†

of a conical stratification need not be conical. As previously mentioned, in subanalytic geometry
and real algebraic geometry, conical refinements always exist, at least locally. The following is
the main result of this paper, and in particular it implies that every subanalytic or real analytic
stratified space is exodromic:

Theorem 0.3.1 (stability properties of exodromic stratified spaces; Theorem 5.1.7).

(1) Stability under pulling back to locally closed subposets: If (𝑋, 𝑃) is an exodromic stratified
space, then for each locally closed subposet 𝑆 ⊂ 𝑃, the stratified space (𝑋 ×𝑃 𝑆, 𝑆) is exodromic
and the induced functor

Π∞(𝑋 ×𝑃 𝑆, 𝑆) → Π∞(𝑋, 𝑃) ×𝑃 𝑆

is an equivalence. As a consequence, the induced functorΠ∞(𝑋, 𝑃) → 𝑃 is conservative.
(2) Functoriality: The exodromy equivalence is functorial in all stratified maps between exo-

dromic stratified spaces. That is, for every stratifiedmap 𝑓∶ (𝑋, 𝑃) → (𝑌,𝑄) between exodromic
stratified spaces, under the exodromy equivalence the pullback functor

𝑓∗,hyp ∶ Cons
hyp
𝑄

(𝑌) → Cons
hyp
𝑃

(𝑋)

is induced by a functor of exit-path∞-categories

Π∞(𝑋, 𝑃) → Π∞(𝑌,𝑄).

(3) Stability under coarsening and localization formula:Let (𝑋, 𝑅) be an exodromic stratified space
and let 𝜙∶ 𝑅 → 𝑃 be a map of posets. Write 𝑊𝑃 for the collection of morphisms in Π∞(𝑋, 𝑅)

that the compositeΠ∞(𝑋, 𝑅) → 𝑅 → 𝑃 sends to equivalences. Then the stratified space (𝑋, 𝑃) is
exodromic and the natural functorΠ∞(𝑋, 𝑅) → Π∞(𝑋, 𝑃) induces an equivalence

Π∞(𝑋, 𝑅)[𝑊−1
𝑃 ] ⥲ Π∞(𝑋, 𝑃).

† Let 𝑋 be a topological space and let 𝑠 ∶ 𝑋 → 𝑃 and 𝑡 ∶ 𝑋 → 𝑄 be stratifications. If there is a map of posets 𝜙∶ 𝑃 → 𝑄

such that 𝑠𝜙 = 𝑡, we say that the stratification 𝑡 is a coarsening of the stratification 𝑠 and the stratification 𝑠 is a refinement
of the stratification 𝑡.
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EXODROMY BEYOND CONICALITY 5 of 98

(4) van Kampen: The property of a stratified space being exodromic can be checked locally.
(5) Stability of finiteness/compactness: The property of an exit-path∞-category being finite (resp.,

compact) is stable under pulling back to a locally closed subposet, is stable under coarsening, and
can be checked on a finite open cover.

Together, the items in Theorem 0.3.1 provide robust techniques to produce new examples
of exodromic stratified spaces starting from conically stratified spaces. We will explain many
new examples of stratified spaces momentarily. Before proceeding further, we comment on how
Theorem 0.3.1 relates to existing results, and our proof methods.

Existing Results 0.3.2. Item (1) was proven by Clausen and Jansen in a slightly different topologi-
cal setting [14, Proposition 3.6-(1)], and by Jansen for topological stacks [28, Proposition 3.13-(1)].
Item (4) is an easy consequence of the theory, and, in the same settings, was previously observed
by Clausen and Jansen [14, Proposition 3.6-(2)] and Jansen [28, Proposition 3.13-(2)]. Two early
instances of (2) were proven in the conically stratified setting by Lurie [34, Corollary A.9.4] in the
case where 𝑃 =∗, and Ayala et al. [6, Theorem 3.3.12] under some additional hypotheses on the
stratifying posets. Recently, Jansen [28, Proposition 3.20] generalized the argument given byAyala
et al.; however, the hypotheses are still somewhat restrictive.
The first main contribution of Theorem 0.3.1 is that our results have no restrictions on the strat-

ifying posets. The second is that we prove functoriality of the exodromy equivalence in all maps
of stratified spaces. This is a new result and may be somewhat surprising; with previous meth-
ods, even functoriality in the conical case was a nontrivial result, first proven in [41, Proposition
6.2.3]. The third is item (5) on the stability of finiteness/compactness; its proof requires a careful
understanding of the localization formula from (3) and it generalizes classical finiteness results
for homotopy types of real analytic manifolds. See Remark 0.4.4.

Methods 0.3.3. The final main contribution is that our result is actually even more general than
Theorem 0.3.1. The point is that the conditions in Definition 0.2.1 only depend on the datum of
the geometric morphism of∞-topoi

Shhyp(𝑋) → Fun(𝑃, 𝐒𝐩𝐜).

This is an example of a stratified ∞-topos, as introduced in the work of Barwick et al. [8]. Con-
sequently, Definition 0.2.1 makes sense at the generality of stratified ∞-topoi. See Section 2, in
particular Definition 2.2.10.
We prove Theorem 0.3.1 by proving its natural generalization to stratified ∞-topoi. See The-

orem 3.0.1 for a precise statement. This generalization gives added flexibility; for example, it
immediately applies to stratified topological stacks. It also subsumes all results of this form that
we are aware of, for example, the stability results proven by Clausen and Jansen [14] and Jansen
[28]. The topos-theoretic result has the added benefit of providing a common framework for the
various contexts where exodromy was previously considered (e.g., sheaves vs. hypersheaves).

0.4 Applications of the stability theorem

We now state our main applications of Theorem 0.3.1. Since every conically stratified space with
locally weakly contractible strata is exodromic and the class of such conically stratified spaces
with locally weakly contractible strata is stable under passing to open subsets, we deduce:
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6 of 98 HAINE et al.

F IGURE 1 A nonconical stratification of S1 is pictured on the right. On the left is a conical refinement of the
right-hand stratification.

Corollary 0.4.1 (Proposition 5.2.9). If a stratified space (𝑋, 𝑃) locally admits a refinement by a
conical stratification with locally weakly contractible strata, then (𝑋, 𝑃) is exodromic.

A theorem of Verdier guarantees that a locally finite subanalytic stratification of a real ana-
lytic space admits a refinement that is Whitney stratified [47, Théorème 2.2]. Since Whitney
stratifications are conical [38, 44], a little more work on top of Theorem 0.3.1 shows:

Theorem0.4.2 (Theorem 5.3.9). Let (𝑋, 𝑃) be a real analyticmanifold equippedwith a locally finite
stratification by subanalytic subsets. Then:

(1) The stratified space (𝑋, 𝑃) is exodromic.
(2) If 𝑋 is compact, then the exit-path∞-categoryΠ∞(𝑋, 𝑃) is finite.

Theorem 0.4.3 (Theorem 5.3.13). Let 𝑋 be an algebraic variety over 𝐑 and let (𝑋, 𝑃) be a finite
stratification of 𝑋 by Zariski locally closed subsets. Then:

(1) The stratified space (𝑋, 𝑃) is exodromic.
(2) The exit-path∞-categoryΠ∞(𝑋, 𝑃) is finite.

Remark 0.4.4. Theorem0.4.2-(2) andTheorem0.4.3-(2) extend results of Lefschetz andWhitehead
[30], Łojasiewicz [32], and Hironaka [24] on the finiteness of the underlying homotopy types of
compact subanalytic spaces and real algebraic varieties.

As an application, in a follow-up paper [22], we use Theorems 0.4.2 and 0.4.3 combined with
Toën and Vaquié’s theory of moduli of objects [45] to prove representability results for derived
moduli stacks of constructible and perverse sheaves.

0.5 Examples

We conclude the introduction with some examples of nonconical stratifications to which our
results apply. First, we demonstrate how to compute the exit-path ∞-category of a coarsening
in a simple situation.

Example 0.5.1. Consider a circle stratified by a point, half-open interval, and open interval,
as depicted on the right-hand side of Figure 1. This stratification of S1 is not conical. However,
the stratification of S1 by two points and two half-open intervals appearing on the left-hand
side of Figure 1 is a conical stratification that refines the stratification on the right-hand side.
The exodromy theorem in the conical case shows that the exit-path ∞-category of the left-hand
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EXODROMY BEYOND CONICALITY 7 of 98

stratification of S1 is equivalent to the poset

(0.5.2)

Thus Theorem 0.3.1-(3) implies that the exit-path ∞-category of the right-hand stratification is
equivalent to the localization of the poset (0.5.2) at themorphism . This localization is simply
the category given by a noncommutative triangle

Example 0.5.3 (see Examples 5.3.5 and 5.3.10). Favero and Huang [16] recently proved an exo-
dromy result for certain nonconical stratifications naturally arising in mirror symmetry. Of
particular interest are the tree stratification on a finite simplicial complex [16, §4.4] and the
Bondal–Ruan stratification on the 𝑛-torus [10]; [16, §5.2]. The tree stratification is a coarsening of
the natural stratification on a finite simplicial complex, which is conical. Moreover, the Bondal–
Ruan stratification is subanalytic. Thus Theorems 0.3.1 and 0.4.2 give an alternative perspective
on Favero and Huang’s exit-path description of constructible sheaves on these stratified spaces.

More examples arise naturally from the study of the Stokes phenomenon for algebraic differ-
ential equations. See [39, 40] for more on this topic, as well as a systematic use of the results of
this paper.

0.6 Linear overview

In Section 1, we provide background on atomically generated ∞-categories, locally constant
objects of ∞-topoi, and monodromy that we need for the rest of the paper. In Section 2, we
begin by recalling the theory of stratifications of ∞-topoi introduced in [8, §8.2] as well as con-
structible objects. We then explain what it means for a stratified ∞-topos to be exodromic, see
Definition 2.2.10. We also prove a few basic results about the class of exodromic stratified ∞-
topoi. In Section 3, we prove a stability theorem for the class of exodromic stratified ∞-topoi, see
Theorem 3.0.1. This is the main technical result of the paper, and implies the analogous result
for stratified spaces stated in this introduction (Theorem 0.3.1). Section 4 explains when exo-
dromy (with coefficients in the∞-category of spaces) implies exodromy with coefficients in other
presentable ∞-categories. The key takeaway is that exodromy with coefficients in a compactly
assembled ∞-category is automatic (see Corollary 4.1.15). We need this result in order to prove
our representability result for the derived moduli of constructible and perverse sheaves in [22].
Section 5 is dedicated to applications of our stability theorem for exodromic stratified ∞-topoi
(Theorem 3.0.1). We deduce Theorem 0.3.1, provide many natural examples of exodromic strati-
fied spaces coming from geometry and topology, and prove all of the results stated in Section 0.4.
In SectionA,we prove a number of categorical facts needed to control the localizations of exit-path
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8 of 98 HAINE et al.

∞-categories we consider. Specifically, the results proven in Section A are needed to prove items
(3) and (5) of Theorem0.3.1. In SectionB,we collect somebackgroundonopen and closed subtopoi
and recollements. We then explain the relationship between hypercompletion and recollements
(see Proposition B.3.5). We need these results in a variety of places, for example, to ensure that the
definition of a constructible object of a stratified ∞-topos recovers the more classical notion of a
constructible (hyper)sheaf on a topological space.

0.7 Notational conventions

We use the following standard notation.

(1) We write𝐂𝐚𝐭∞ for the large∞-category of small∞-categories, and write 𝐒𝐩𝐜 ⊂ 𝐂𝐚𝐭∞ for the
full subcategory spanned by the spaces (i.e., ∞-groupoids or anima). We write Cat∞ for the
(very large)∞-category of large∞-categories.

(2) We write 𝐏𝐫R for the ∞-category of presentable ∞-categories and right adjoints and 𝐏𝐫L for
the∞-category of presentable∞-categories and left adjoints.

(3) We write 𝐑𝐓𝐨𝐩∞ for the ∞-category of ∞-topoi and geometric morphisms, that is, right
adjoints 𝑓∗ whose left adjoint 𝑓∗ is left exact. We write 𝐋𝐓𝐨𝐩∞ for the∞-category of∞-topoi
and left exact left adjoints.

(4) Given a small ∞-category , we write PSh() ≔ Fun(op, 𝐒𝐩𝐜) for the ∞-category of
presheaves of spaces on .

(5) For an integer 𝑛 ⩾ 0, we write [𝑛] for the poset {0 < ⋯ < 𝑛}.

We later introduce notational conventions for (hyper)sheaves and constructibility; these are
consistent with the notational conventions in our previous works [21, 41].

1 BACKGROUND ON ATOMIC GENERATION, LOCALLY
CONSTANT OBJECTS, ANDMONODROMY

In this section, we recall the necessary background on atomically generated ∞-categories (Sec-
tion 1.1), tensor products of presentable∞-categories (Section 1.2), and locally constant objects of
∞-topoi and monodromy (Section 1.3).

1.1 Recollections on atomic generation

We begin by recalling the background on atomically generated∞-categories needed in this paper.
In particular, we provide a useful way to check that a full subcategory of an atomically generated
∞-category is also atomically generated and compute its generators (Proposition 1.1.14). For more
on this topic, we refer the reader to [36, Tag 03WR]; [33, §5.1.6]; [14, §2.2]. We begin with some
definitions.

Definition 1.1.1. Let  be a presentable∞-category. An object 𝑐 ∈  is atomic† if the functor

Map(𝑐, −)∶  → 𝐒𝐩𝐜

preserves colimits. We write at ⊂  for the full subcategory spanned by the atomic objects.

†Atomic objects are also referred to as completely compact objects [33, Definition 5.1.6.2].
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EXODROMY BEYOND CONICALITY 9 of 98

Observation 1.1.2. The subcategory at ⊂  is always small and idempotent complete. However,
contrary to what happens to the full subcategory 𝜔 ⊂  spanned by compact objects, the ∞-
category at typically does not have finite colimits.

Definition 1.1.3. Let  be a presentable∞-category. We say that a small full subcategory 0 ⊂ 

atomically generates  if the unique colimit-preserving extension

PSh(0) → 

of 0 ⊂  along the Yoneda embedding is an equivalence. We say that  is atomically generated if
there exists a small full subcategory 0 ⊂  that atomically generates .

Remark 1.1.4. The unique colimit-preserving extension PSh(0) →  of the inclusion 0 ⊂  is
left adjoint to the restricted Yoneda functor

𝑦∶  → PSh(0) , 𝑐 ↦ Map(−, 𝑐).

Hence 0 atomically generates  if and only if 𝑦 is an equivalence.

Example 1.1.5 [33, Proposition 5.1.6.8]. Let 0 be a small∞-category. Then, the atomic objects of
PSh(0) are the retracts of representable functors. In particular, the unique atomic object of 𝐒𝐩𝐜

is the point ∗.

Observation 1.1.6. If 0 ⊂  atomically generates , then 0 ⊂ at. Moreover, by [36, Tag 040X],
the inclusion 0 ⊂ at exhibits at as the idempotent completion of 0. As a consequence, all of
the functors given by extending the obvious inclusions along colimits

are equivalences. In particular, at also atomically generates .

The following is an easy reformulation of the definition:

Lemma 1.1.7. Let  be a presentable ∞-category and let 0 ⊂ at be a full subcategory of atomic
objects. Then 0 atomically generates  if and only if the collection of corepresentable functors
{Map(𝑐0, −)∶  → 𝐒𝐩𝐜}𝑐0∈0

is jointly conservative.

Proof. Since 0 ⊂ at, by [33, Proposition 5.1.6.10] the unique colimit-preserving extension of the
inclusion PSh(0) →  is fully faithful. Hence this functor is an equivalence if and only if its right
adjoint

𝑦∶  → PSh(0) , 𝑐 ↦ Map(−, 𝑐)

is conservative. This is exactly the condition that the functorsMap(𝑐0, −)∶  → 𝐒𝐩𝐜 for 𝑐0 ∈ 0

are jointly conservative. □
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10 of 98 HAINE et al.

Definition 1.1.8. Let 𝐿∶  →  be a left adjoint functor of∞-categories. We say that 𝐿 is atomic
if the right adjoint  →  to 𝐿 is also a left adjoint.

Observation 1.1.9. If 𝐿∶  →  is an atomic functor between presentable ∞-categories, then
𝐿 preserves atomic objects, that is, 𝐿(at) ⊂ at. If 𝑅 denotes the right adjoint to 𝐿, then the
square

commutes.

The converse is true if  and are atomically generated:

Recollection 1.1.10 [14, Lemma 2.6-(3)]. Let 𝐿∶  →  be a left adjoint between atomically
generated presentable ∞-categories. Then 𝐿 is atomic if and only if 𝐿 preserves atomic
objects.

In this paper, we repeatedly use the fact that the∞-category of atomically generated presentable
∞-categories and atomic functors is equivalent to the ∞-category of idempotent complete ∞-
categories:

Notation 1.1.11. Write 𝐏𝐫L,at ⊂ 𝐏𝐫L for the nonfull subcategory with objects the atomically
generated∞-categories and morphisms atomic left adjoints. Write

𝐂𝐚𝐭idem
∞ ⊂ 𝐂𝐚𝐭∞

for the full subcategory spanned by the idempotent complete∞-categories.

Recollection 1.1.12 [14, Proposition 2.7]. Consider the functor PSh∶ 𝐂𝐚𝐭idem
∞ → 𝐏𝐫L sending

a small idempotent complete ∞-category 0 to PSh(0) with functoriality given by left Kan
extension. This functor restricts to an equivalence

PSh∶ 𝐂𝐚𝐭idem
∞ ⥲ 𝐏𝐫L,at

with inverse given by

(−)at ∶ 𝐏𝐫L,at ⥲ 𝐂𝐚𝐭idem
∞ .

Notation 1.1.13. Let  be an atomically generated presentable ∞-category. To simplify notation
later on, wewrite ex ≔ (at)op for the opposite of the full subcategory of  spanned by the atomic
objects. Thus there is a natural equivalence

 ≃ Fun(ex, 𝐒𝐩𝐜).
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EXODROMY BEYOND CONICALITY 11 of 98

The proof of Theorem 0.3.1 relies on the fact that a full subcategory of an atomically generated
∞-category that is closed under limits and colimits is also atomically generated:

Proposition 1.1.14. Let be an atomically generated presentable∞-category and let 𝑖 ∶  ↪  be
the inclusion of a full subcategory. If  is closed under both limits and colimits in, then:

(1) The∞-category  is presentable and the inclusion 𝑖 ∶  ↪  admits both a left adjoint 𝐿∶  →

 and a right adjoint 𝑅∶  → .
(2) The∞-category  is atomically generated by 𝐿(at).
(3) Let 𝑊𝐿 ⊂ Mor() be the collection of 𝐿-equivalences. Let 𝑊 ⊂ 𝑊𝐿 ∩ Mor(at) be a subset of

morphisms with the property that  coincides with the subcategory of𝑊-local objects of. Then
the functor

𝐿∶ at → at

exhibits at as the idempotent completion of the localizationat[𝑊−1].

Proof. Point (1) is a direct consequence of the reflection theorem of Ragimov and Schlank [42,
Theorem 1.1].
To prove (2), first note that by Observation 1.1.9, the functor 𝐿 preserves atomic objects. Hence

[33, Proposition 5.1.6.10] implies that the functor

PSh(𝐿(at)) → 

given by the left Kan extension of the inclusion 𝐿(at) ⊂  along the Yoneda embedding is fully
faithful. To complete the proof of (2), by Lemma 1.1.7, we need to show that the functors

{Map(𝐿(𝑑), −)∶  → 𝐒𝐩𝐜}𝑑∈at

are jointly conservative. By adjunction, Map(𝐿(𝑑), −) ≃ Map(𝑑, 𝑖(−)). Since  is atomically
generated, Lemma 1.1.7 shows that the functors

{Map(𝑑, −)∶  → 𝐒𝐩𝐜}𝑑∈at

are jointly conservative; since 𝑖 is also conservative, the claim follows.
Now we prove (3). Combining (2) with Observation 1.1.6 shows that the inclusion 𝐿(at) ⊂ at

exhibits at as the idempotent completion of 𝐿(at). Thus it suffices to prove that the functor

𝐿∶ at → 𝐿(at) (1.1.15)

exhibits 𝐿(at) as the localization ofat at𝑊. To see this, we apply the three criteria of [13, Propo-
sition 7.1.11]. By definition, the functor (1.1.15) is essentially surjective. Moreover, upon passing to
presheaves, precomposition with (1.1.15) is identified with 𝑖 ∶  ↪  via the restricted Yoneda
functor from Remark 1.1.4. Hence, precomposition with (1.1.15) is fully faithful with image con-
tained in the full subcategory of presheaves 𝐹 ∈ PSh(at) that invert𝑊. Via the restricted Yoneda
functor, presheaves 𝐹 ∈ PSh(at) that invert𝑊 correspond to𝑊-local objects of, that is objects
of . Thus, [13, Proposition 7.1.11] applies and concludes the proof of (3). □
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12 of 98 HAINE et al.

1.2 Sheaves with coefficients and tensor products of presentable
∞-categories

We now fix our conventions for sheaves with coefficients in a presentable ∞-category. For this,
we make use of the tensor product of presentable∞-categories; we refer the reader to [34, §4.8.1]
for background.

Notation 1.2.1. Let  be an∞-topos and let  be a presentable∞-category. We write Sh( ; ) for
the tensor product of presentable∞-categories

Sh( ; ) ≔  ⊗  .

Since the tensor product (−) ⊗  defines a functor 𝐏𝐫R → 𝐏𝐫R , the assignment  ↦ Sh( ; )

defines a functor

Sh(−; )∶ 𝐑𝐓𝐨𝐩∞ → 𝐏𝐫R.

Notation 1.2.2 (sheaves on∞-sites). Let (, 𝜏) be an∞-site and  be a presentable∞-category. We
write

PSh(; ) ≔ Fun(op, )

for the∞-category of -valued presheaves on . We also write

Sh𝜏(; ) ⊂ PSh(; )

for the full subcategory spanned by -valued presheaves that satisfy 𝜏-descent. When  = 𝐒𝐩𝐜,
we write

Sh𝜏() ≔ Sh𝜏(; 𝐒𝐩𝐜).

1.2.3. The ∞-categories PSh(; ) and Sh𝜏(; ) are naturally identified with the tensor prod-
ucts of presentable∞-categories PSh() ⊗  and Sh𝜏() ⊗  [35, Remark 1.3.1.6 and Proposition
1.3.1.7]. This justifies Notation 1.2.1.

1.2.4 (hypersheaves). Let (, 𝜏) be an ∞-site. In this paper, we often make use of the theory of
hypersheaves.When  is the∞-category of spaces, hypersheaves can be defined intrinsically in the
∞-topos Sh𝜏() as hypercomplete objects, that is, objects that are local with respect to∞-connected
maps. Hypersheaves thus form a full subcategory Sh

hyp
𝜏 () ⊂ Sh𝜏(). It is then possible to define

hypersheaves with coefficients in  as the tensor product

Sh
hyp
𝜏 (; ) ≔ Sh

hyp
𝜏 () ⊗  .

Each of the inclusions

Sh
hyp
𝜏 () ⊂ PSh() and Sh

hyp
𝜏 () ⊂ Sh𝜏()
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EXODROMY BEYOND CONICALITY 13 of 98

admits a left exact left adjoint. We refer the reader unfamiliar with hypercomplete objects and
hypercompletion to [33, §§6.5.2–6.5.4] or [8, §3.11] for further reading on the subject.

Notation 1.2.5 (sheaves on topological spaces). Let 𝑋 be a topological space and let  be a pre-
sentable ∞-category. We write Open(𝑋) for the poset of open subsets of 𝑋, ordered by inclusion.
We regard Open(𝑋) as a site with the covering families given by open covers. We write

Sh(𝑋; ) ≔ Sh(Open(𝑋); ) and Shhyp(𝑋; ) ≔ Shhyp(Open(𝑋); ).

Notation 1.2.6 (functoriality). Let 𝑓∗ ∶  →  be a geometric morphism. We write 𝑓∗ for its left
exact left adjoint. If 𝑓∗ is an étale geometric morphism, we write 𝑓♯ for the left adjoint to 𝑓∗. Fix
a presentable∞-category  . Then the functoriality of the tensor product in 𝐏𝐫L provides us with
a colimit-preserving functor

𝑓∗ ⊗  ∶ Sh( ; ) → Sh( ; ).

When there is no risk of confusion, we simply write 𝑓∗ instead of 𝑓∗ ⊗  . Similarly, we write 𝑓∗

for its right adjoint, and we apply a similar convention for 𝑓♯.

1.3 Locally constant objects and monodromy

We now recall the basics of locally constant objects in ∞-topoi and monodromy. We also prove a
few foundational results that we need later in the paper, but are not available elsewhere. For more
background, we refer the reader to [34, §A.1]; [1, §3.1].

Notation 1.3.1 (constant objects and global sections). Let  be an∞-topos. We write

Γ ,∗ ∶  → 𝐒𝐩𝐜

for the global sections functor given by

𝑈 ↦ Map (1 , 𝑈).

The global sections functor admits a left exact left adjoint Γ∗


∶ 𝐒𝐩𝐜 →  called the constant sheaf
functor. If the∞-topos is clear from the context, wewriteΓ∗ andΓ∗ forΓ∗


andΓ ,∗, respectively.

Given a presentable∞-category  , we say that an object 𝐹 of Sh( ; ) is constant if 𝐹 lies in the
image of the functor

Γ∗ ⊗  ∶  → Sh( ; ).

1.3.2. Note that 𝐒𝐩𝐜 is the terminal∞-topos [33, Proposition 6.3.4.1], so Γ∗ is the unique geometric
morphism  → 𝐒𝐩𝐜.

Recollection 1.3.3 (products of ∞-topoi). The product in 𝐑𝐓𝐨𝐩∞ is given by the tensor product in
𝐏𝐫R ; see [34, Example 4.8.1.19]; [3, Theorem 2.1.5]. In particular:
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14 of 98 HAINE et al.

(1) If 𝑓∗ ∶  ′ →  and g∗ ∶  ′ →  are left exact left adjoints between∞-topoi, then

𝑓∗ ⊗ g∗ ∶  ′ ⊗  ′ →  ⊗ 

is also a left exact left adjoint between∞-topoi.
(2) The functor

Γ∗


⊗ Γ∗


∶ 𝐒𝐩𝐜 ≃ 𝐒𝐩𝐜 ⊗ 𝐒𝐩𝐜 →  ⊗ 

is the constant sheaf functor.

Definition 1.3.4 (locally constant objects). Let  be an ∞-topos and let  be a presentable
∞-category. An object 𝐹 ∈ Sh( ; ) is locally constant if there exists an effective epimorphism∐

𝑖∈𝐼 𝑈𝑖 ↠ 1 such that for each 𝑖 ∈ 𝐼, the image of 𝐹 under the natural pullback functor

Sh( ; ) → Sh(∕𝑈𝑖
; )

is a constant object. We write

LC( ; ) ⊂ Sh( ; )

for the full subcategory spanned by the locally constant objects. When  = 𝐒𝐩𝐜, we simply write
LC() ⊂  for LC( ; 𝐒𝐩𝐜).

Observation 1.3.5. Given a geometric morphism of ∞-topoi 𝑓∗ ∶  →  , the pullback functor
𝑓∗ ∶  →  carries LC( ; ) to LC( ; ).

This recovers the usual notion of local constancy for (hyper)sheaves on topological spaces:

Example 1.3.6. Let 𝑋 be a topological space and let  be either Sh(𝑋) or Shhyp(𝑋). An object
𝐹 ∈ Sh( ; ) is locally constant if and only if there exists an open cover {𝑈𝑖}𝑖∈𝐼 of 𝑋 such that
each restriction 𝐹|𝑈𝑖

is constant. See [31, Proposition 1.18].

Definition 1.3.7 (monodromic ∞-topos). We say that an ∞-topos  is monodromic or locally of
constant shape if the constant sheaf functor Γ∗ ∶ 𝐒𝐩𝐜 →  admits a left adjoint

Γ♯ ∶  → 𝐒𝐩𝐜.

In this case, we write Π∞() ≔ Γ♯(1 ) and call Π∞() the shape of  .

The following result of Lurie justifies the terminology in Definition 1.3.7:

Recollection 1.3.8 (monodromy). Let  be a monodromic ∞-topos. Then the full subcategory
LC() ⊂  is closed under limits and colimits. Moreover, there is a natural equivalence

LC() ⥲ Fun(Π∞(), 𝐒𝐩𝐜)
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EXODROMY BEYOND CONICALITY 15 of 98

See [34, Proposition A.1.6 and Theorem A.1.15]. Furthermore, for any presentable ∞-category  ,
there is an equivalence

LC() ⊗  ⥲ LC( ; ).

See [1, Proposition 3.1.7]. In particular, LC( ; ) ⊂ Sh( ; ) is closed under limits and colimits.

Example 1.3.9 (monodromy in topology). Let 𝑋 be a topological space.

(1) If 𝑋 is locally weakly contractible, then the∞-topos Shhyp(𝑋) is monodromic. The functor

Γ♯ ∶ Shhyp(𝑋) → 𝐒𝐩𝐜

is given by extending the functor sending an open𝑈 ⊂ 𝑋 to the underlying homotopy type† of
𝑈 along colimits. In particular Π∞(Shhyp(𝑋)) coincides with the underlying homotopy type
of 𝑋. See [21, Proposition 2.4].

(2) If 𝑋 is paracompact and locally of singular shape in the sense of [34, Definition A.4.15], then
the∞-topos Sh(𝑋) ismonodromic. Again, the functor Γ♯ ∶ Sh(𝑋) → 𝐒𝐩𝐜 is given by extending
the functor sending an open 𝑈 ⊂ 𝑋 to the underlying homotopy type of 𝑈 along colimits. In
particular, Π∞(Sh(𝑋)) coincides with the underlying homotopy type of 𝑋. See [34, Theorem
A.4.19].

An intriguing fact is that any∞-topos étale over a monodromic∞-topos is also monodromic:

Observation 1.3.10. Let  be a monodromic ∞-topos and let 𝑈 ∈  . Then the slice ∞-topos ∕𝑈

is monodromic. To see this, note that the composite

is left adjoint to the constant sheaf functor. As a consequence, we see that

Π∞(∕𝑈) = Γ ,♯(𝑈).

We now explain the functoriality of the monodromy equivalence. To do so, we need the
following lemma.

Lemma 1.3.11. Let 𝐾, 𝐿 ∈ 𝐒𝐩𝐜 and let

𝑓∗ ∶ Fun(𝐿, 𝐒𝐩𝐜) → Fun(𝐾, 𝐒𝐩𝐜)

be a functor. The following are equivalent:

†More precisely, the underlying weak homotopy type of 𝑈. That is, the image of 𝑈 under the functor 𝐓𝐨𝐩 → 𝐒𝐩𝐜 that
exhibits the ∞-category of spaces as the ∞-categorical localization of the 1-category of topological spaces obtained by
inverting the weak homotopy equivalences. However, since it is standard to do so and we have no need to distinguish
between weak and strong homotopy types, we omit the term “weak” in this paper.
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16 of 98 HAINE et al.

(1) There exists a map of spaces 𝑓∶ 𝐾 → 𝐿 such that 𝑓∗ is equivalent to the functor given by
precomposition with 𝑓.

(2) The functor 𝑓∗ preserves limits and colimits.
(3) The functor 𝑓∗ is left exact and preserves colimits.

Proof. Since every space is an idempotent complete ∞-category (see Lemma A.1.3), the equiva-
lence (1) ⇔ (2) follows from Recollection 1.1.12. Clearly (2) ⇒ (3). For the remaining implication
(3) ⇒ (2), let 𝑓∗ denote the right adjoint to 𝑓∗. By assumption, 𝑓∗ is a geometric morphism. Note
that by the straightening/unstraightening equivalences

Fun(𝐾, 𝐒𝐩𝐜) ≃ 𝐒𝐩𝐜∕𝐾 and Fun(𝐿, 𝐒𝐩𝐜) ≃ 𝐒𝐩𝐜∕𝐿 ,

the unique geometric morphisms to the terminal∞-topos

Fun(𝐾, 𝐒𝐩𝐜) → 𝐒𝐩𝐜 and Fun(𝐿, 𝐒𝐩𝐜) → 𝐒𝐩𝐜

are étale. Hence [33, Corollary 6.3.5.9] implies that 𝑓∗ is an étale geometric morphism; in
particular, 𝑓∗ admits a left adjoint. □

Corollary 1.3.12. Let 𝑓∗ ∶  →  be a geometric morphism between monodromic ∞-topoi. Then
the functor

𝑓∗ ∶ LC() → LC()

preserves limits and colimits.

Proof. Since  and  are monodromic, LC() ⊂  and LC() ⊂  are closed under limits and
colimits. The claim now follows from the monodromy equivalences for  and  combined with
Lemma 1.3.11. □

Notation 1.3.13. Write 𝐑𝐓𝐨𝐩mon
∞ ⊂ 𝐑𝐓𝐨𝐩∞ for the full subcategory spanned by the monodromic

∞-topoi.

Notation 1.3.14. Write 𝐏𝐫R,at ⊂ 𝐏𝐫R for the (nonfull) subcategory of 𝐏𝐫R with objects the
atomically generated presentable ∞-categories and morphisms functors that are both left and
right adjoints.

1.3.15. Note that the equivalence 𝐏𝐫L ≃ (𝐏𝐫R)op given by passing to right adjoints restricts to an
equivalence

𝐏𝐫L,at ≃ (𝐏𝐫R,at)op.

Observation 1.3.16 (functoriality of the shape). The assignment  ↦ Π∞() refines to a functor

Π∞ ∶ 𝐑𝐓𝐨𝐩mon
∞ → 𝐒𝐩𝐜 ⊂ 𝐂𝐚𝐭idem

∞ .
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EXODROMY BEYOND CONICALITY 17 of 98

Specifically, this functor is given by the composite

where the left-hand functor sends to the∞-categoryLC()with functoriality given by pullback,
and the right-hand functor sends an atomically generated∞-category  to the∞-category ex =

(at)op given by the opposite of the subcategory of atomic objects.

We conclude with a Künneth formula for the shape of a product of monodromic∞-topoi.

Recollection 1.3.17. The natural equivalence

𝐒𝐩𝐜 ⊗ 𝐒𝐩𝐜 ⥲ 𝐒𝐩𝐜

is induced by the functor

𝐒𝐩𝐜 × 𝐒𝐩𝐜 → 𝐒𝐩𝐜

(𝐾, 𝐿) ↦ 𝐾 × 𝐿.

Observation 1.3.18. Let  and  be monodromic∞-topoi. Since the inclusions

LC() ↪  and LC() ↪ 

are both left and right adjoints, the functor

LC() ⊗ LC() →  ⊗ 

induced by the functoriality of the tensor product is also fully faithful and both a left and
right adjoint.

Proposition 1.3.19 (Künneth formula formonodromic∞-topoi). Let and bemonodromic∞-
topoi. Write Γ ,♯ ∶  → 𝐒𝐩𝐜 and Γ ,♯ ∶  → 𝐒𝐩𝐜 for the left adjoints to the constant sheaf functors.
Then:

(1) The functor

Γ ,♯ ⊗ Γ ,♯ ∶  ⊗  → 𝐒𝐩𝐜 ⊗ 𝐒𝐩𝐜 ≃ 𝐒𝐩𝐜

is left adjoint to the constant sheaf functor 𝐒𝐩𝐜 →  ⊗  . In particular, the ∞-topos  ⊗  is
monodromic.

(2) The natural mapΠ∞( ⊗ ) → Π∞() × Π∞() is an equivalence.
(3) The natural fully faithful functor

LC() ⊗ LC() →  ⊗ 

has image LC( ⊗ ).
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18 of 98 HAINE et al.

Proof. For (1), note that by the functoriality of the tensor product of presentable ∞-categories,
Γ ,♯ ⊗ Γ ,♯ is left adjoint to the functor

Γ∗


⊗ Γ∗


∶ 𝐒𝐩𝐜 ≃ 𝐒𝐩𝐜 ⊗ 𝐒𝐩𝐜 →  ⊗  .

By Recollection 1.3.3-(2), Γ∗


⊗ Γ∗

is the constant sheaf functor; hence Γ ,♯ ⊗ Γ ,♯ is left adjoint

to the constant sheaf functor, as desired.
For (2), note that by Recollections 1.3.3 and 1.3.17, the functor

Γ ,♯ ⊗ Γ ,♯ ∶  ⊗  → 𝐒𝐩𝐜 ⊗ 𝐒𝐩𝐜 ≃ 𝐒𝐩𝐜

is induced by the functor

 ×  → 𝐒𝐩𝐜

(𝐹, 𝐺) ↦ Γ ,♯(𝐹) × Γ ,♯(𝐺).

In particular, applying Γ ,♯ ⊗ Γ ,♯ to the terminal object 1⊗ = 1 ⊗ 1 , we have natural
identifications

Π∞( ⊗ ) = (Γ ,♯ ⊗ Γ ,♯)(1 ⊗ 1 )

= Γ ,♯(1 ) × Γ ,♯(1 )

= Π∞() × Π∞().

Item (3) is an immediate consequence of (2) and the formula

Fun(, 𝐒𝐩𝐜) ⊗ Fun(, 𝐒𝐩𝐜) ≃ Fun( × , 𝐒𝐩𝐜). □

2 EXIT-PATH∞-CATEGORIES

In this section, we introduce exodromic stratified ∞-topoi and their exit-path ∞-categories. See
Definition 2.2.10. These definitions are topos-theoretic generalizations of Clausen and Jansen’s
definition in the topological setting [14, Definition 3.5].
In Section 2.1, we start by reviewing the basics of the theory of stratified ∞-topoi introduced

in [8]. In Section 2.2, we explain the basics of constructible objects in stratified ∞-topoi; we
also define exodromic stratified ∞-topoi and their exit-path ∞-categories. In Section 2.3, we
discuss stratifiedmorphisms that inducemorphisms on the level of exit-path∞-categories. In Sec-
tion 2.4, we conclude with some results on the interaction between exodromic stratified ∞-topoi
and hypercompletion.

2.1 Stratified ∞-topoi and stratified spaces

We now recall the theory of stratifications of∞-topoi introduced in [8, §8.2]. This theory directly
generalizes the theory of stratifications of topological spaces, but also applies to more general
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EXODROMY BEYOND CONICALITY 19 of 98

contexts such as stratifications of schemes and topological stacks. The starting point for the theory
is the observation that hypersheaves on a poset 𝑃 equipped with the Alexandroff topology are just
functors out of 𝑃:

Recollection 2.1.1 ([4, Example A.11]; [8, Example 3.12.15]). Let  be a presentable∞-category and
let 𝑃 be a poset. Regard 𝑃 as a topological space with the Alexandroff topology. Then there is a
natural equivalence of∞-categories

Fun(𝑃, ) ⥲ Shhyp(𝑃; ).

Warning 2.1.2. It is necessary that we work with hypersheaves in Recollection 2.1.1; in general,
Sh(𝑃) is not hypercomplete. See [4, Example A.13].

Example 2.1.3 [21, Lemma 5.21]. If 𝑃 is a Noetherian poset, then Sh(𝑃) is hypercomplete, hence

Sh(𝑃) ≃ Fun(𝑃, 𝐒𝐩𝐜).

Definition 2.1.4 (stratified∞-topos). Let  be an∞-topos and let 𝑃 be a poset. A 𝑃-stratification
of  is a geometric morphism

𝑠∗ ∶  → Fun(𝑃, 𝐒𝐩𝐜).

To simplify notation, we often abusively denote a stratified∞-topos by ( , 𝑃).

Morphisms of stratified∞-topoi are commutative squares. Here is the easiest way to formulate
this.

Notation 2.1.5. We write 𝐏𝐨𝐬𝐞𝐭 for the category of posets.

Definition 2.1.6. The∞-category of stratified∞-topoi is the pullback

Here, the bottom horizontal functor sends a geometric morphism 𝑠∗ ∶  →  to its target  .

2.1.7. Said differently, given stratified ∞-topoi 𝑠∗ ∶  → Fun(𝑃, 𝐒𝐩𝐜) and 𝑡∗ ∶  → Fun(𝑄, 𝐒𝐩𝐜),
a morphism of stratified ∞-topoi ( , 𝑃) → ( , 𝑄) consists of a commutative square of geometric
morphisms
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20 of 98 HAINE et al.

such that the pushforward functor 𝜙∗ is induced by a map of posets 𝜙∶ 𝑃 → 𝑄 (equivalently, 𝜙∗

preserves limits). To simplify notation, we abusively denote a morphism of stratified ∞-topoi by
𝑓∗ ∶ ( , 𝑃) → ( , 𝑄).

It is often convenient to pull back a 𝑃-stratified∞-topos to a locally closed subposet of 𝑃:

Recollection 2.1.8 (locally closed subposets). Let 𝑃 be a poset. Then a subset 𝑆 ⊂ 𝑃 is locally closed
in the Alexandroff topology if and only if 𝑆 is an interval: given 𝑝, 𝑞 ∈ 𝑆 with 𝑝 ⩽ 𝑞, 𝑆 contains all
𝑥 ∈ 𝑃 such that 𝑝 ⩽ 𝑥 ⩽ 𝑞.

Notation 2.1.9. Let 𝑠∗ ∶  → Fun(𝑃, 𝐒𝐩𝐜) be a stratified ∞-topos and let 𝑖 ∶ 𝑆 ↪ 𝑃 be a locally
closed subposet. We write 𝑆 for the pullback

computed in 𝐑𝐓𝐨𝐩∞. Observe that 𝑖𝑆,∗ and 𝑖∗ define a morphism of stratified ∞-topoi (𝑆, 𝑆) ↪

( , 𝑃). For each 𝑝 ∈ 𝑃, we call 𝑝 ≔ {𝑝} the 𝑝-th stratum of ( , 𝑃).

2.1.10. Note that if 𝑆 ⊂ 𝑃 is open, then 𝑖𝑆,∗ is an open immersion of∞-topoi and if 𝑆 ⊂ 𝑃 is closed,
then 𝑖𝑆,∗ is a closed immersion of ∞-topoi. Hence for 𝑆 ⊂ 𝑃 locally closed, 𝑖𝑆,∗ is a locally closed
immersion of∞-topoi. (See Section B for background on locally closed immersions of∞-topoi.)

Observation 2.1.11. Let (𝑓∗, 𝜙)∶ ( , 𝑃) → ( , 𝑄) be amorphism of stratified∞-topoi and let𝑇 ⊂ 𝑄

be a locally closed subposet. Write 𝑃𝑇 ≔ 𝜙−1(𝑇), so that 𝑃𝑇 is a locally closed subposet of 𝑃. Then
we have a commutative cube of∞-topoi and geometric morphisms

In particular, the induced geometric morphism on pullbacks 𝑓𝑇,∗ ∶ 𝑃𝑇
→ 𝑇 refines to a

morphism of stratified ∞-topoi

(𝑓𝑇,∗, (𝜙|𝑃𝑇
)∗)∶ (𝑃𝑇

, 𝑃𝑇 → (𝑇, 𝑇).

 17538424, 2026, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/topo.70091 by U
niversity O

f Southern C
alifornia, W

iley O
nline L

ibrary on [24/07/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



EXODROMY BEYOND CONICALITY 21 of 98

In this paper, our main examples of stratified∞-topoi come from stratified topological spaces.

Example 2.1.12 (stratified ∞-topoi attached to stratified spaces). Let 𝑠 ∶ 𝑋 → 𝑃 be a stratified
space.

(1) Then

𝑠
hyp
∗ ∶ Shhyp(𝑋) → Shhyp(𝑃) ≃ Fun(𝑃, 𝐒𝐩𝐜)

is a 𝑃-stratified∞-topos.
(2) If 𝑃 is Noetherian, then

𝑠∗ ∶ Sh(𝑋) → Sh(𝑃) ≃ Fun(𝑃, 𝐒𝐩𝐜)

is a 𝑃-stratified∞-topos.

Example 2.1.13. Let 𝑠 ∶ 𝑋 → 𝑃 be a stratified topological stack in the sense of [28, Definition 3.1].
If 𝑃 is Noetherian, then 𝑠∗ ∶ Sh(𝑋) → Fun(𝑃, 𝐒𝐩𝐜) is a 𝑃-stratified∞-topos.

Notation 2.1.14. Let (𝑋, 𝑃) be a stratified space and 𝑆 ⊂ 𝑃 a locally closed subposet. Write 𝑋𝑆 ≔

𝑋 ×𝑃 𝑆. Then 𝑋𝑆 is naturally an 𝑆-stratified space. Moreover, the inclusions 𝑋𝑆 ↪ 𝑋 and 𝑆 ↪ 𝑃

define a morphism of stratified spaces 𝑖𝑆 ∶ (𝑋, 𝑆) ↪ (𝑋, 𝑃).

An important fact is that pulling back to a locally closed subposet commutes with taking
(hyper)sheaves:

Lemma 2.1.15. Let (𝑋, 𝑃) be a stratified space and 𝑆 ⊂ 𝑃 a locally closed subposet.

(1) The natural geometric morphism Shhyp(𝑋𝑆) → Shhyp(𝑋)𝑆 is an equivalence.
(2) If 𝑃 is Noetherian, then the natural geometric morphism Sh(𝑋𝑆) → Sh(𝑋)𝑆 is an equivalence.

Proof. Immediate from Recollection 2.1.1, Example 2.1.3, Corollary B.1.12, Corollary B.3.9, and the
definitions. □

Another useful fact is that in the Noetherian setting, pulling back to strata is jointly
conservative:

Lemma 2.1.16. Let ( , 𝑃) be a stratified ∞-topos. If the poset 𝑃 is Noetherian, then the pullback
functors

{
𝑖∗𝑝 ∶  → 𝑝

}
𝑝∈𝑃

are jointly conservative.

Proof. Let 𝜙 be a morphism in  such that for each 𝑝 ∈ 𝑃, the morphism 𝑖∗𝑝(𝜙) is an equivalence;
we need to show that 𝜙 is an equivalence. For each 𝑝 ∈ 𝑃, write
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22 of 98 HAINE et al.

𝑃⩾𝑝 ≔ { 𝑞 ∈ 𝑃 | 𝑞 ⩾ 𝑝 } and 𝑃>𝑝 ≔ 𝑃⩾𝑝 ⧵ {𝑝}.

Since the open subsets {𝑃⩾𝑝}𝑝∈𝑃 cover 𝑃, it suffices to show:

(∗) For each 𝑝 ∈ 𝑃, the restriction 𝑖∗
𝑃⩾𝑝

(𝜙) is an equivalence in 𝑃⩾𝑝
.

We prove (∗) by Noetherian induction on 𝑝 ∈ 𝑃. We need to show that if the restriction 𝑖∗
𝑃⩾𝑞

(𝜙) is
an equivalence for each 𝑞 > 𝑝, then 𝑖∗

𝑃⩾𝑝
(𝜙) is an equivalence. Note that

𝑃⩾𝑝 ⧵ {𝑝} = 𝑃>𝑝 =
⋃

𝑞∈𝑃>𝑝

𝑃⩾𝑞.

Hence the inductive hypothesis implies that the restriction 𝑖∗
𝑃>𝑝

(𝜙) is an equivalence. By
assumption 𝑖∗𝑝(𝜙) is also an equivalence. By recollement, the restriction functors

𝑖∗𝑝 ∶ 𝑃⩾𝑝
→ 𝑝 and 𝑖∗𝑃>𝑝

∶ 𝑃⩾𝑝
→ 𝑃>𝑝

are jointly conservative, completing the proof. □

2.2 Constructible objects and exit-path ∞-categories

We now recall the basics of constructible objects of stratified ∞-topoi introduced in [8, §9.4]. We
also define exit-path∞-categories at this level of generality.

Definition 2.2.1 (constructible objects). Let ( , 𝑃) be a stratified ∞-topos and let  be a pre-
sentable ∞-category. An object 𝐹 ∈ Sh( ; ) is 𝑃-constructible if for each 𝑝 ∈ 𝑃, the restriction
𝑖∗𝑝(𝐹) ∈ Sh(𝑝; ) is locally constant. We write

Cons𝑃( ; ) ⊂ Sh( ; )

for the full subcategory spanned by the 𝑃-constructible objects. If  = 𝐒𝐩𝐜, we simply write
Cons𝑃() ⊂  for Cons𝑃( ; 𝐒𝐩𝐜).

Remark 2.2.2. Our terminology differs from the terminology used in [8, §9.4]. There, Barwick et al.
use the term formally constructible objects for what we call constructible objects; their constructible
objects are formally constructible objects that satisfy additional finiteness hypotheses. The reason
for this is that [8] is mostly about∞-topoi coming from algebraic geometry, where these finiteness
hypotheses are necessary for a well-behaved theory.

Observation 2.2.3. Given a morphism of stratified ∞-topoi 𝑓∗ ∶ ( , 𝑃) → ( , 𝑄), the pullback
functor 𝑓∗ ∶  →  carries Cons𝑄( ; ) to Cons𝑃( ; ).

It is often useful to write the∞-category of constructible objects as a pullback:

Observation 2.2.4. The∞-category Cons𝑃( ; ) is the pullback
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EXODROMY BEYOND CONICALITY 23 of 98

We use similar notation for constructible sheaves on stratified topological spaces.

Notation 2.2.5. Let (𝑋, 𝑃) be a stratified topological space and let  be a presentable∞-category.

(1) For the natural stratified∞-topos ( , 𝑃) = (Shhyp(𝑋), 𝑃), we write

Cons
hyp
𝑃

(𝑋; ) ≔ Cons𝑃( ; ).

(2) If 𝑃 is Noetherian, then for the natural stratified∞-topos ( , 𝑃) = (Sh(𝑋), 𝑃), we write

Cons𝑃(𝑋; ) ≔ Cons𝑃( ; ).

Definition 2.2.1 recovers the usual notion of constructibility:

Observation 2.2.6. Let (𝑋, 𝑃) be a stratified topological space and let  be a presentable∞-category.
In light of Example 1.3.6 and Lemma 2.1.15:

(1) An object 𝐹 ∈ Shhyp(𝑋; ) is 𝑃-hyperconstructible in the sense of [21, Definition 5.2] if and
only if 𝐹 is 𝑃-constructible in the sense of Definition 2.2.1.

(2) Assume that 𝑃 is Noetherian. An object 𝐹 ∈ Sh(𝑋; ) is 𝑃-constructible in the sense of [21,
Definition 5.2] if and only if 𝐹 is 𝑃-constructible in the sense of Definition 2.2.1.

Example 2.2.7. Let 𝑃 be a poset. Then every hypersheaf on 𝑃 is 𝑃-constructible, that is,

Cons
hyp
𝑃

(𝑃) = Shhyp(𝑃).

In light of Recollection 2.1.1, we deduce that Cons
hyp
𝑃

(𝑃) ≃ Fun(𝑃, 𝐒𝐩𝐜).

Convention 2.2.8. Let 𝑃 be a poset. We almost always implicitly identify the ∞-categories
Shhyp(𝑃; ), Cons

hyp
𝑃

(𝑃), and Fun(𝑃, ).

For the next result, recall Notation 1.1.13.

Lemma 2.2.9. For every poset 𝑃, we have natural equivalences

Cons
hyp
𝑃

(𝑃)ex ≃ Fun(𝑃, 𝐒𝐩𝐜)ex = 𝑃.

Proof. By Lemma A.1.3, 𝑃 is idempotent complete. Hence the claim follows from Recollec-
tions 1.1.12 and 2.1.1. □
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24 of 98 HAINE et al.

The following definition is a generalization of [14, Definition 3.5]; [28, Definition 3.10]:

Definition 2.2.10 (exodromic stratified∞-topos and exit-path∞-category). A stratified∞-topos

𝑠∗ ∶  → Fun(𝑃, 𝐒𝐩𝐜)

is exodromic if the following conditions are satisfied:

(1) The∞-category Cons𝑃() is atomically generated.
(2) The subcategory Cons𝑃() ⊂  is closed under both limits and colimits.
(3) The pullback functor 𝑠∗ ∶ Fun(𝑃, 𝐒𝐩𝐜) →  preserves limits.

In this case we write

Π∞( , 𝑃) ≔ Cons𝑃()ex

for the opposite of the full subcategory ofCons𝑃() spanned by atomic objects (seeNotation 1.1.13).
We refer to Π∞( , 𝑃) as the exit-path∞-category of ( , 𝑃).

The importance of the last condition of Definition 2.2.10 is that it provides a functor from the
exit-path∞-category of ( , 𝑃) to the poset 𝑃.

Observation 2.2.11. Let 𝑠∗ ∶  → Fun(𝑃, 𝐒𝐩𝐜) be an exodromic stratified ∞-topos. Then the left
adjoint

𝑠c
♯
∶ Cons𝑃() → Fun(𝑃, 𝐒𝐩𝐜)

to 𝑠∗ supplied by condition (3) of Definition 2.2.10 is atomic. ByObservation 1.1.9 and Lemma 2.2.9,
the functor 𝑠c

♯
restricts to a functor

𝑠ex ∶ Π∞( , 𝑃) → 𝑃.

Now, some important examples.

Example 2.2.12. In light of Recollection 1.3.8, a trivially stratified ∞-topos Γ∗ ∶  → 𝐒𝐩𝐜 is
exodromic if and only if  is monodromic in the sense of Definition 1.3.7.

Example 2.2.13 (exodromy for conically stratified spaces). Let (𝑋, 𝑃) be a conically stratified
topological space in the sense of [34, Definition A.5.5].

(1) If the strata of (𝑋, 𝑃) are locally weakly contractible, then the stratified∞-topos (Shhyp(𝑋), 𝑃)

is exodromic. Moreover, the exit-path ∞-category Π∞(Shhyp(𝑋), 𝑃) is given by Lurie’s
simplicial model for exit-paths Sing(𝑋, 𝑃). See [41, Theorem 5.4.1].

(2) If 𝑃 is Noetherian and 𝑋 is paracompact and locally of singular shape, then the stratified
∞-topos (Sh(𝑋), 𝑃) is exodromic. Again, the exit-path ∞-category Π∞(Sh(𝑋), 𝑃) is given by
Lurie’s simplicial model for exit-paths Sing(𝑋, 𝑃). See [34, Theorem A.9.3].
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EXODROMY BEYOND CONICALITY 25 of 98

Jansen has also given incredible computations of exit-path ∞-categories of some important
compactifications naturally arising in geometry:

Example 2.2.14 (the work of Jansen [26, 27]).

(1) Let 𝐺 be a connected reductive linear algebraic group defined over 𝐐 whose center is
anisotropic over 𝐐. Let Γ ⊂ 𝐺(𝐐) be a neat arithmetic subgroup. Write 𝑋 for the symmet-
ric space of maximal compact subgroups of 𝐺(𝐑) with Γ-action given by conjugation. Jansen
showed that the∞-topos of sheaves on the reductive Borel–Serre compactification Γ∖𝑋RBS is
exodromic and gave an explicit description of its exit-path∞-category. See [27, Theorem 4.3].

(2) Let g , 𝑛 ⩾ 0 be such that 2g − 2 + 𝑛 > 0. Write g ,𝑛 for the moduli stack of stable genus g
nodal curves with 𝑛 marked points (also called the Deligne–Mumford–Knudsen compactifi-
cation). Write 

top
g ,𝑛 for its underlying topological stack. The topological stack 

top
g ,𝑛 has a

natural stratification by the poset of stable genus g dual graphs with 𝑛 marked points. Jansen
showed that the ∞-topos of sheaves on the topological stack 

top
g ,𝑛 is exodromic. Moreover,

the exit-path ∞-category is equivalent to the opposite of the Charney–Lee category of stable
genus g curves with 𝑛 marked points [11, 12, 15]. See [26, Corollary 6.6 and Theorem 6.7].

Lurie and Tanaka have also provided a remarkable example related to Morse theory:

Example 2.2.15. LetBroken denote Lurie and Tanaka’s moduli stack of broken lines [37]. This is a
topological stack with a natural stratification by𝐍op. Write 𝚫surj ⊂ 𝚫 for the nonfull subcategory
containing all objects, but only the surjective maps. One of Lurie and Tanaka’s main results [37,
Theorem 1.0.5] is that there is an equivalence of∞-categories

Sh(Broken) ≃ Fun(𝚫surj, 𝐒𝐩𝐜)

between sheaves on Broken and functors out of 𝚫surj. Said differently, every sheaf on Broken

is constructible, and the stratified ∞-topos (Sh(Broken),𝐍op) is exodromic with exit-path
∞-category 𝚫surj.

Another feature of Definition 2.2.10 is that the inclusion of constructible objects admits both a
left and right adjoint:

Notation 2.2.16 (constructibilization). Let ( , 𝑃) be an exodromic stratified ∞-topos. Since
Cons𝑃() ⊂  is closed under limits and colimits, [42, Theorem 1.1] implies that Cons𝑃() is
presentable and the inclusion

𝑖 ,𝑃 ∶ Cons𝑃() ↪ 

has both a left adjoint L ,𝑃 and a right adjoint R ,𝑃. We refer to these adjoints as the left and
right constructibilization functors, respectively. In particular, Cons𝑃() is a localization of  , and
it coincides with the full subcategory of  spanned by L ,𝑃-equivalences.

Example 2.2.17 (equational criterion for constructibility). Let (𝑋, 𝑃) be a conically stratified topo-
logical space with locally weakly contractible strata. Then [41, Corollary 5.4.7] provides an explicit
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26 of 98 HAINE et al.

set of generating L𝑋,𝑃-equivalences in terms of conical charts. When 𝑃 =∗, we can take as a
generating set all the inclusions 𝑈 ⊂ 𝑉 between weakly contractible open subsets.

If ( , 𝑃) is exodromic, then the subcategory Cons𝑃() is automatically an∞-topos:

Lemma 2.2.18. Let  be an ∞-topos and let  ⊂  be a full subcategory. If  is presentable and
closed under colimits and finite limits in  , then  is also an∞-topos.

Proof. It suffices to show that  satisfies the Giraud–Lurie axioms for ∞-topoi [33, Proposition
6.1.0.6]. By assumption is presentable; the remaining axioms only involve statements about the
interaction between colimits and finite limits. Since  is an∞-topos, these statements are true in
 . By assumption,  is closed under colimits and finite limits in  , hence these statements also
hold in  . □

Example 2.2.19. Let ( , 𝑃) be an exodromic stratified ∞-topos. Combining the observations
made in Notation 2.2.16 with Lemma 2.2.18, we see that the inclusion Cons𝑃() ⊂  admits both
a left and a right adjoint and Cons𝑃() is an∞-topos.

A very important fact is that exodromic stratified ∞-topoi are automatically monodromic:

Lemma 2.2.20 (exodromy implies monodromy). Let 𝑠∗ ∶  → Fun(𝑃, 𝐒𝐩𝐜) be an exodromic
stratified∞-topos. Then:

(1) The∞-topos  is monodromic.
(2) The full subcategory LC() ⊂ Cons𝑃() is closed under limits and colimits.

Proof. First we prove (1). In light of Recollection 1.3.8, we need to show that the constant sheaf
functor Γ∗ ∶ 𝐒𝐩𝐜 →  preserves limits. Note that Γ∗ factors as a composite

where the left-most functor is the constant functor. The constant functor 𝐒𝐩𝐜 → Fun(𝑃, 𝐒𝐩𝐜) pre-
serves limits, and by assumption both 𝑠∗ and the inclusion Cons𝑃() ⊂  preserve limits. Hence
Γ∗ preserves limits, as desired.
For (2), note that both LC() and Cons𝑃() are closed under limits and colimits in  . □

2.3 Exodromic morphisms

We now discuss the functoriality of exit-path ∞-categories. The main point of this subsection
is that given a morphism 𝑓∗ ∶ ( , 𝑃) → ( , 𝑄) between exodromic stratified ∞-topoi, it is not a
priori clear if 𝑓∗ induces a functor

Π∞( , 𝑃) → Π∞( , 𝑄)

on exit-path∞-categories.
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EXODROMY BEYOND CONICALITY 27 of 98

Observation 2.3.1 (constructible ∗-pushforward). Let 𝑓∗ ∶ ( , 𝑃) → ( , 𝑄) be amorphism between
exodromic stratified∞-topoi. Since the functor 𝑓∗ ∶  →  preserves colimits, we deduce that

𝑓∗ ∶ Cons𝑄() → Cons𝑃()

preserves colimits as well. In particular, it admits a right adjoint

𝑓c
∗ ∶ Cons𝑃() → Cons𝑄().

Unraveling the definitions, we see that 𝑓c
∗ is related to the pushforward functor 𝑓∗ by the formula

𝑓c
∗ = R ,𝑄◦𝑓∗◦𝑖 ,𝑃 ,

where R ,𝑄 is the right constructibilization functor of Notation 2.2.16. In particular, if 𝑓∗ takes
𝑃-constructible objects to 𝑄-constructible objects, then 𝑓c

∗ ≃ 𝑓∗.

The following is a generalization of [14, Definition 3.5-(3)]:

Definition 2.3.2. Let 𝑓∗ ∶ ( , 𝑃) → ( , 𝑄) be amorphism between exodromic stratified∞-topoi.
We say that 𝑓∗ is exodromic if the left adjoint

𝑓∗ ∶ Cons𝑄() → Cons𝑃()

also preserves limits. In this case, we denote its left adjoint by

𝑓c
♯
∶ Cons𝑃() → Cons𝑄().

As a consequence of the equivalence 𝐂𝐚𝐭idem
∞ ≃ 𝐏𝐫L,at of Recollection 1.1.12, the functor 𝑓c

♯

restricts to a functor

𝑓ex ∶ Π∞( , 𝑃) → Π∞( , 𝑄).

The following are two important examples of exodromic morphisms:

Example 2.3.3. Let 𝜙∶ 𝑃 → 𝑄 be a map of posets. Equip both 𝑃 and 𝑄 with the identity
stratifications. Then Recollection 2.1.1 shows that the morphism of stratified∞-topoi

𝜙∗ ∶ (Fun(𝑃, 𝐒𝐩𝐜), 𝑃) → (Fun(𝑄, 𝐒𝐩𝐜), 𝑄)

is exodromic.

Example 2.3.4. Let 𝑓∗ ∶  →  be a geometric morphism of ∞-topoi. If  and  are
monodromic, then Corollary 1.3.12 shows that the morphism of trivially stratified∞-topoi

𝑓∗ ∶ ( , ∗) → ( , ∗)

is exodromic.
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28 of 98 HAINE et al.

In fact, we will see that Definition 2.3.2 is superfluous: one of the goals of Section 3 is to show
that every morphism between exodromic stratified ∞-topoi is exodromic. However, this is not
obvious; see Theorem 3.2.3 for details.
We conclude this subsection with a few useful observations about exodromic morphisms.

Observation 2.3.5. Let 𝑓∗ ∶ ( , 𝑃) → ( , 𝑄) be a morphism of stratified ∞-topoi. Assume the
following:

(1) ( , 𝑃) and ( , 𝑄) are exodromic.
(2) 𝑓∗ ∶  →  admits a left adjoint 𝑓♯ ∶  →  .

Then 𝑓∗ is exodromic. Moreover, the functors

𝑓c
♯
∶ Cons𝑃() → Cons𝑄() and 𝑓♯ ∶  → 

are related by the formula

𝑓c
♯

≃ L ,𝑄◦𝑓♯◦𝑖 ,𝑃 ,

where L ,𝑄 is the left constructibilization functor of Notation 2.2.16. In particular, if 𝑓♯ car-
ries 𝑃-constructible objects to 𝑄-constructible objects, then there is a canonical identification
𝑓c

♯
≃ 𝑓♯.

Observation 2.3.6 (pullback functoriality). Let 𝑓∗ ∶ ( , 𝑃) → ( , 𝑄) be a morphism between exo-
dromic stratified ∞-topoi. If 𝑓∗ is exodromic, then Observation 1.1.9 yields a commutative
square

where the vertical equivalences exhibit the exit-path∞-categoriesΠ∞( , 𝑄) andΠ∞( , 𝑃) as the
opposites of the subcategories of atomic objects of the targets.

Observation 2.3.7 (♯-pushforward functoriality). As a consequence of Observation 2.3.6, there is
also a commutative square

where 𝑓ex
!
denotes left Kan extension along 𝑓ex . Since left Kan extension commutes with the

Yoneda embedding, we also deduce that there is a commutative square
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EXODROMY BEYOND CONICALITY 29 of 98

where the vertical functors are the inclusions of the subcategories of atomic objects.

2.4 Exodromy and hypercompletion

Let ( , 𝑃) be an exodromic stratified∞-topos. The goal of this subsection is to show that the hyper-
completion hyp with the induced stratification is also exodromic, the ∞-categories Cons𝑃()

and Cons𝑃(hyp) coincide, and the exit-path ∞-categories Π∞( , 𝑃) and Π∞(hyp, 𝑃) coincide.
We do not accomplish this in complete generality, however, we prove that this the case under an
additional assumption on ( , 𝑃); see Definition 2.4.10 and Proposition 2.4.14. This assumption
is satisfied, for example, when 𝑃 is Noetherian and  is the ∞-topos of sheaves associated to a
conically stratified space for which exodromy is already known.

Notation 2.4.1. Let 𝑠∗ ∶  → Fun(𝑃, 𝐒𝐩𝐜) be a stratified ∞-topos. Then the composite

defines a 𝑃-stratification of hyp. We always regard the hypercompletion of a stratified ∞-topos
with this induced stratification. Also note that since the ∞-topos Fun(𝑃, 𝐒𝐩𝐜) is hypercomplete,
the stratification

hyp → Fun(𝑃, 𝐒𝐩𝐜)

coincides with the geometric morphism 𝑠
hyp
∗ obtained by applying the hypercompletion functor

to the stratification 𝑠∗.

We start by showing that if ( , 𝑃) is exodromic, then every 𝑃-constructible object of  is
hypercomplete. For this, we need a few lemmas.

Lemma 2.4.2. Let ( , 𝑃) be a stratified ∞-topos and 𝑆 ⊂ 𝑃 a locally closed subposet. Then the
natural geometric morphism

(𝑆)
hyp → (hyp)𝑆

is an equivalence of 𝑆-stratified∞-topoi.

Proof. This is a special case of Proposition B.3.8. □

Lemma 2.4.3. Let  and  be∞-topoi and let 𝑓∗ ∶  →  be a functor that preserves both limits
and colimits (i.e., 𝑓∗ is the pullback functor in an essential geometric morphism). Let 𝐺 ∈  .
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30 of 98 HAINE et al.

(1) If 𝐺 is hypercomplete, then 𝑓∗(𝐺) is hypercomplete.
(2) If 𝐺 is the limit of its Postnikov tower, then 𝑓∗(𝐺) is the limit of its Postnikov tower.

Proof. Item (1) is the content of [34, Lemma A.2.6]. For (2), note that since 𝑓∗ is a left exact left
adjoint, [33, Proposition 5.5.6.28] shows that for each 𝑛 ⩾ 0, we have

𝑓∗ τ⩽𝑛 ≃ τ⩽𝑛 𝑓∗ .

Since 𝐺 is the limit of its Postnikov tower and 𝑓∗ preserves limits, we see that

𝑓∗(𝐺) ⥲ 𝑓∗
(

lim
𝑛∈𝐍op

τ⩽𝑛(𝐺)
)

⥲ lim
𝑛∈𝐍op

𝑓∗ τ⩽𝑛(𝐺)

≃ lim
𝑛∈𝐍op

τ⩽𝑛 𝑓∗(𝐺). □

Corollary 2.4.4. Let ( , 𝑃) be an exodromic stratified∞-topos.

(1) If 𝐹 ∈ Cons𝑃(), then 𝐹 is the limit of its Postnikov tower in  . In particular, we have

Cons𝑃() ⊂ hyp .

(2) We have Cons𝑃() ⊂ Cons𝑃(hyp) as full subcategories of hyp.
(3) The functor 𝑠∗ ∶ Fun(𝑃, 𝐒𝐩𝐜) →  factors through hyp.
(4) The constant sheaf functor Γ∗ ∶ 𝐒𝐩𝐜 →  factors through hyp ⊂  .

Proof. Recall from Example 2.2.19 that since ( , 𝑃) is exodromic, the ∞-category Cons𝑃() is an
∞-topos and the inclusionCons𝑃() ⊂  preserves limits and colimits. Hence (1) is a special case
of Lemma 2.4.3-(2). For (2), note that the inclusion (hyp, 𝑃) ↪ ( , 𝑃) is a morphism of stratified
∞-topoi. Hence the hypercompletion functor → hyp carriesCons𝑃() toCons𝑃(hyp). By (1),
every object of Cons𝑃() is already hypercomplete, hence

Cons𝑃() ⊂ Cons𝑃(hyp)

as full subcategories of hyp.
Item (3) is an immediate consequence of item (1) and the fact that 𝑠∗ factors throughCons𝑃().

Item (4) is immediate from (3) and the fact that Γ∗ factors as the composite

where the left-most functor is the constant functor. □

Observation 2.4.5. Let ( , 𝑃) be an exodromic stratified ∞-topos. Corollary 2.4.4 implies
that the left constructibilization functor L ,𝑃 ∶  → Cons𝑃() factors as the composite of
hypercompletion  → hyp with a localization
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EXODROMY BEYOND CONICALITY 31 of 98

L
hyp
 ,𝑃

∶ hyp → Cons𝑃().

In turn, Cons𝑃() can be identified with the full subcategory of hyp spanned by objects that are
local with respect toL

hyp
 ,𝑃

-equivalences. Hence amorphism𝜙∶ 𝐹 → 𝐺 in is anL ,𝑃-equivalence
if and only if its hypercompletion 𝜙hyp is an L

hyp
 ,𝑃

-equivalence.

Our next goal is to show that if  is monodromic, then hyp is also monodromic and LC() =

LC(hyp). For this, we need the following lemma.

Lemma 2.4.6. Let  be an∞-topos and write 𝑖∗ ∶ hyp ↪  for the inclusion.

(1) A morphism 𝑓∶ 𝑈 → 𝑉 in hyp is an effective epimorphism if and only if 𝑖∗(𝑓) is an effective
epimorphism in  .

(2) The functor 𝑖∗ ∶ hyp ↪  preserves coproducts.
(3) Given an effective epimorphism

∐
𝛼∈𝐴 𝑈𝛼 → 1hyp in hyp, the induced map

∐
𝛼∈𝐴

𝑖∗(𝑈𝛼) → 1

is an effective epimorphism in  .

Proof. For (1), first assume that 𝑖∗(𝑓) is an effective epimorphism. Then since 𝑖∗ preserves effective
epimorphisms and 𝑖∗ is fully faithful, 𝑓 ≃ 𝑖∗𝑖∗(𝑓) is also an effective epimorphism. Conversely,
assume that 𝑓 is an effective epimorphism. Note that

τ
⩽0 𝑖∗(𝑓) = τ

hyp

⩽0 (𝑓).

Since the property of a morphism being an effective epimorphism only depends on the 0-
truncation [33, Proposition 7.2.1.14] and 𝑓 is an effective epimorphism, we deduce that 𝑖∗(𝑓) is
an effective epimorphism.
Item (2) is the content of [35, Lemma D.6.7.2]. Finally, (3) is immediate from (1) and (2). □

Lemma 2.4.7. Let  be an∞-topos. If every constant object of  is hypercomplete, then:

(1) For each𝑈 ∈  , every constant object of ∕𝑈 is hypercomplete.
(2) Every locally constant object of  is hypercomplete.
(3) The inclusion hyp ↪  carries LC(hyp) to LC().
(4) We have LC(hyp) = LC() as full subcategories of  .

Proof. For (1), write 𝑝∗ ∶  → ∕𝑈 for the pullback functor. Observe that the constant sheaf
functor 𝐒𝐩𝐜 → ∕𝑈 factors as a composite

Since the pullback functor 𝑝∗ is both a left and a right adjoint, Lemma 2.4.3 shows that 𝑝∗ pre-
serves hypercompleteness. Hence the claim follows from the assumption that every constant
object of  is hypercomplete.
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32 of 98 HAINE et al.

For (2), let 𝐿 ∈ LC() and choose an effective epimorphism
∐

𝛼∈𝐴 𝑈𝛼 ↠ 1 such that for each
𝛼 ∈ 𝐴, the pullback 𝐿 × 𝑈𝛼 is a constant object of ∕𝑈𝛼

. Then by (1), for each 𝛼 ∈ 𝐴, the object
𝐿 × 𝑈𝛼 ∈ ∕𝑈𝛼

is hypercomplete. The claim now follows from the fact that hypercompleteness is
a local property [33, Remark 6.5.2.22].
For (3), let 𝐿 ∈ LC(hyp); we wish to show that 𝐿 ∈ LC(). Choose an effective epimorphism

𝜙∶
∐
𝛼∈𝐴

𝑈𝛼 ↠ 1hyp = 1

in hyp such that for each 𝛼 ∈ 𝐴, the pullback

𝐿 × 𝑈𝛼 ∈ (hyp)∕𝑈𝛼
= (∕𝑈𝛼

)hyp

is constant. By Lemma 2.4.6-(3) the effective epimorphism 𝜙∶
∐

𝛼∈𝐴 𝑈𝛼 ↠ 1 in hyp is also an
effective epimorphism in the larger∞-topos  . Hence it suffices to show that each 𝐿 × 𝑈𝛼 is also
a constant object of the larger ∞-topos ∕𝑈𝛼

. For this, note that by (1), every constant object of
∕𝑈𝛼

is hypercomplete.
Item (4) is immediate from items (2) and (3). □

Proposition 2.4.8. Let  be a monodromic∞-topos. Then:

(1) The composite

is left adjoint to the constant hypersheaf functor 𝐒𝐩𝐜 → hyp. In particular,hyp ismonodromic.
(2) The inclusion hyp ↪  carries LC(hyp) to LC(). Moreover, we have LC(hyp) = LC() as

full subcategories of  .
(3) The natural mapΠ∞(hyp) → Π∞() is an equivalence.

Proof. For (1), note that since Γ∗ ∶ 𝐒𝐩𝐜 →  factors through hyp, for 𝐹 ∈ hyp and 𝐾 ∈ 𝐒𝐩𝐜, we
have natural equivalences

Map𝐒𝐩𝐜(Γ♯𝑖∗(𝐹), 𝐾) ≃ Map (𝑖∗(𝐹), Γ∗(𝐾))

≃ Maphyp(𝐹, Γ∗(𝐾)).

Item (2) is a special case of Lemma 2.4.7. Finally, by (2), the pullback functor LC() → LC(hyp)

is an equivalence (in fact, the identity). Hence (3) follows from the definition of the shape. □

Warning 2.4.9. Let  be a monodromic ∞-topos and 𝐹 ∈  . If the hypercompletion of 𝐹 is a
locally constant object ofhyp, then it is not necessarily the case that 𝐹 is a locally constant object
of  .
For example, let 𝑄 =

∏
𝐍[0, 1] be the Hilbert cube. Then 𝑄 is locally of singular shape; in fact,

any locally compact absolute neighborhood retract is locally of singular shape [29, Example 2.8].
In particular, the ∞-topos  = Sh(𝑄) is monodromic. We claim that there exists an object 𝐹 of
Sh(𝑄) that is not locally constant, but𝐹hyp is the terminal object. By Proposition 2.4.8, every locally

 17538424, 2026, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/topo.70091 by U
niversity O

f Southern C
alifornia, W

iley O
nline L

ibrary on [24/07/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



EXODROMY BEYOND CONICALITY 33 of 98

constant object of Sh(𝑄) is hypercomplete, so it suffices to provide a sheaf 𝐹 that is not terminal,
but whose stalks are all terminal.
Consider the dualizing sheaf 𝜔𝑄 with 𝐙-coefficients. That is, 𝜔𝑄 is the sheaf of Borel–Moore

chains with values in the∞-categoryMod𝐙 of 𝐙-module spectra. As explained in [33, Counterex-
ample 6.5.4.8], 𝜔𝑄 vanishes on a basis of 𝑄, hence has trivial stalks. On the other hand, since 𝑄

is compact, the Borel–Moore homology of 𝑄 agrees with ordinary homology, so 𝜔𝑄(𝑄) ≃ 𝐙; in
particular, 𝜔𝑄 is a nontrivial sheaf valued in Mod𝐙 whose hypercompletion is 0. Now consider
the underlying sheaf of spaces 𝐹 = Ω∞𝜔𝑄. Since Ω∞ commutes with pulling back to open sub-
spaces, we deduce that the sheaf 𝐹 vanishes on a basis of 𝑄, hence has terminal stalks. However,
𝐹(𝑄) = Ω∞𝐙 is the set of integers, so 𝐹 is not the terminal object.

Let ( , 𝑃) be an exodromic stratified ∞-topos. Corollary 2.4.4-(2) shows that Cons𝑃() ⊂

Cons𝑃(hyp). In the case of a trivial stratification, we have just seen that this inclusion is an
equality. For a general stratification, we do not know if this holds; we offer the following simple
sufficient condition for this to hold. This condition covers many concrete cases of interest.

Definition 2.4.10. Let ( , 𝑃) be a stratified ∞-topos. We say that ( , 𝑃) is weakly conical if for
every locally closed subset 𝑆 ⊂ 𝑃, the functor

𝑖𝑆,∗ ∶ 𝑆 → 

takes Cons𝑆() to Cons𝑃().

This definition is motivated by the following:

Example 2.4.11. Let (𝑋, 𝑃) be a conically stratified space with locally weakly contractible strata.
Then (Shhyp(𝑋), 𝑃) isweakly conical by [41, Proposition 6.8.1]; this ultimately relies on [41, Lemma
5.3.4], which is the hard step needed to prove the exodromy equivalence in the conical setting.
On the other hand, consider the nonconical stratification of a circle pictured on the right-hand
side of Figure 1: in this case, the pushforward of a constant sheaf on the open stratum is not
hyperconstructible with respect to the given stratification. Thus, this property is a special feature
of the conical situation.

Lemma 2.4.12. Let ( , 𝑃) be a weakly conical exodromic stratified ∞-topos. Let 𝜙∶ 𝐹1 → 𝐹2 be
a L ,𝑃-equivalence (see Notation 2.2.16). Then for every locally closed subset 𝑆 ⊂ 𝑃, the morphism
𝑖∗
𝑆
(𝜙) is an L𝑆,𝑆-equivalence.

Proof. We have to show that for all 𝐺 ∈ Cons𝑆(𝑆), the map 𝑖∗
𝑆
(𝜙) induces an equivalence

Map𝑆
(𝑖∗𝑆(𝐹2), 𝐺) → Map𝑆

(𝑖∗𝑆(𝐹1), 𝐺).

By adjunction, this follows immediately from the fact that 𝜙 is a 𝑃-equivalence and that 𝑖𝑆,∗(𝐺) ∈

Cons𝑃(). □

Lemma 2.4.13. Let ( , 𝑃) be an exodromic stratified ∞-topos. If the inclusion hyp ↪  carries
Cons𝑃(hyp) to Cons𝑃(), then:
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34 of 98 HAINE et al.

(1) We have Cons𝑃(hyp) = Cons𝑃() as full subcategories of  .
(2) The stratified∞-topos (hyp, 𝑃) is exodromic.
(3) The natural functorΠ∞(hyp, 𝑃) → Π∞( , 𝑃) is an equivalence of∞-categories.

Proof. Since ( , 𝑃) is exodromic, Corollary 2.4.4-(2) guarantees that

Cons𝑃() ⊂ Cons𝑃(hyp).

Our assumption guarantees that this inclusion is an equality.
For (2), note that by (1) and the assumption that ( , 𝑃) is exodromic, the ∞-category

Cons𝑃(hyp) is atomically generated. In light of Corollary 2.4.4-(3), all that remains to be shown
is that the full subcategory

Cons𝑃(hyp) ⊂ hyp

is closed under limits and colimits. Again by (1), we have Cons𝑃(hyp) = Cons𝑃(). Moreover,
since ( , 𝑃) is exodromic, Cons𝑃() ⊂  is closed under limits and colimits. The claim now
follows from the fact that hyp is a localization of  .
Item (3) is immediate from items (1) and (2) and the definition of the exit-path ∞-category of

an exodromic stratified∞-topos. □

The following is the main result of this subsection.

Proposition 2.4.14. Let ( , 𝑃) be a stratified∞-topos. Assume that 𝑃 is Noetherian and that ( , 𝑃)

is both exodromic and weakly conical. Then:

(1) The inclusion hyp ↪  carries Cons𝑃(hyp) to Cons𝑃().
(2) The stratified∞-topos (hyp, 𝑃) is exodromic.
(3) The natural functorΠ∞(hyp, 𝑃) → Π∞( , 𝑃) is an equivalence of∞-categories.

Proof. First note that by Lemma 2.4.13, it suffices to prove (1). Since ( , 𝑃) is exodromic,
Corollary 2.4.4-(2) guarantees that

Cons𝑃() ⊂ Cons𝑃(hyp).

We prove the other inclusion by Noetherian induction, observing that the case 𝑃 =∗ has already
been dealt with in Proposition 2.4.8-(1). Fix 𝐹 ∈ Cons𝑃(hyp) and 𝑝 ∈ 𝑃. Set 𝑄 ≔ 𝑃⩾𝑝. Then 𝑄 is
an open subset of 𝑃; in particular 𝑖∗

𝑄
preserves hypercomplete objects. Thus,

𝑖∗𝑄(𝐹) ≃ 𝑖
∗,hyp
𝑄

(𝐹) ∈ Cons𝑃(
hyp
𝑄

).

In other words, we can assume without loss of generality that 𝑝 is a minimal element of 𝑃.
Now set 𝑆 ≔ 𝑃>𝑝. Again, 𝑆 is an open subset of 𝑃. Moreover, hyp is the recollement of hyp

𝑝

and hyp
𝑆

. In particular, for each 𝐹 ∈ Cons𝑃(hyp), there is a pullback square
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EXODROMY BEYOND CONICALITY 35 of 98

(2.4.15)

Thanks to Observation 2.4.5, it is enough to prove that for every L
hyp
 ,𝑃

-equivalence 𝜙∶ 𝐺1 → 𝐺2 in
hyp, the object 𝐹 is 𝜙-local. By virtue of the pullback square (2.4.15), it suffices to prove that the
other three terms are 𝜙-local. The inductive hypothesis guarantees that

𝑖∗𝑆(𝐹) ≃ 𝑖
∗,hyp
𝑆

(𝐹)

belongs to Cons𝑆(𝑆). Since ( , 𝑃) is weakly conical, it follows that 𝑖𝑆,∗𝑖
∗
𝑆
(𝐹) ∈ Cons𝑃(); in par-

ticular, 𝑖𝑆,∗𝑖
∗
𝑆
(𝐹) is 𝜙-local. As for the other two terms, first recall from Observation 2.4.5 that 𝜙,

seen as amorphism in , is anL ,𝑃-equivalence. In particular, Lemma 2.4.12 guarantees that 𝑖∗𝑝(𝜙)

is an L𝑝
-equivalence. Applying Observation 2.4.5 once more, we deduce that

𝑖
∗,hyp
𝑝 (𝜙) ≃ (𝑖∗𝑝(𝜙))hyp

is an L
hyp
𝑝

-equivalence as well. Thus, it immediately follows from adjunction that 𝑖𝑝,∗𝑖
∗,hyp
𝑝 (𝐹) is

𝜙-local. To conclude, observe that since 𝑖𝑆,∗𝑖
∗
𝑆
(𝐹) ∈ Cons𝑃(), then

𝑖∗𝑝𝑖𝑆,∗𝑖
∗
𝑆(𝐹) ∈ LC(𝑝) = LC(

hyp
𝑝 ).

In particular we have

𝑖
∗,hyp
𝑝 𝑖𝑆,∗𝑖

∗
𝑆(𝐹) = 𝑖∗𝑝𝑖𝑆,∗𝑖

∗
𝑆(𝐹) ,

and the conclusion follows. □

We conclude with a question about generalizing Proposition 2.4.14.

Question 2.4.16. Let ( , 𝑃) be an exodromic stratified ∞-topos. Does the inclusion hyp ↪

 carry Cons𝑃(hyp) to Cons𝑃()? (If so, then (hyp, 𝑃) is exodromic and Π∞(hyp, 𝑃) ⥲

Π∞( , 𝑃).)

3 STABILITY PROPERTIES OF EXODROMIC STRATIFIED∞-TOPOI

The goal of this section is to prove the following “stability theorem” for the class of exodromic
stratified∞-topoi:

Theorem 3.0.1 (stability properties of exodromic stratified∞-topoi).

(1) Stability under pulling back to locally closed subposets: If ( , 𝑃) is an exodromic stratified∞-
topos, then for each locally closed subposet 𝑆 ⊂ 𝑃, the stratified∞-topos (𝑆, 𝑆) is exodromic and
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36 of 98 HAINE et al.

the induced functor

Π∞(𝑆, 𝑆) → Π∞( , 𝑃) ×𝑃 𝑆

is an equivalence. In particular, the induced functor Π∞( , 𝑃) → 𝑃 is conservative. See
Corollary 3.1.18.

(2) Every morphism between exodromic stratified∞-topoi is exodromic. See Theorem 3.2.3.
(3) Stability under coarsening and localization formula: Let ( , 𝑅) be an exodromic stratified ∞-

topos and let𝜙∶ 𝑅 → 𝑃 be amapof posets.Write𝑊𝑃 for the collection ofmorphisms inΠ∞( , 𝑅)

that the compositeΠ∞( , 𝑅) → 𝑅 → 𝑃 sends to equivalences. Then the stratified∞-topos ( , 𝑃)

is exodromic and the natural functorΠ∞( , 𝑅) → Π∞( , 𝑃) induces an equivalence

Π∞( , 𝑅)[𝑊−1
𝑃 ] ⥲ Π∞( , 𝑃)

See Theorem 3.3.5.
(4) vanKampen:Existence of exit-path∞-categories can be checked by descent. See Proposition 3.4.2

for a precise formulation.
(5) Künneth formula: Let ( , 𝑃) and ( , 𝑄) be exodromic stratified∞-topoi. If 𝑃 and𝑄 are Noethe-

rian, then the stratified∞-topos ( ⊗  , 𝑃 × 𝑄) is exodromic and there are natural equivalences
of∞-categories

Cons𝑃() ⊗ Cons𝑄() ⥲ Cons𝑃×𝑄( ⊗ )

and

Π∞( ⊗  , 𝑃 × 𝑄) ⥲ Π∞( , 𝑃) × Π∞( , 𝑄).

See Proposition 3.5.5.
(6) Stability of finiteness/compactness: The property of an exit-path∞-category being finite (resp.,

compact) is stable under pulling back to a locally closed subposet, is stable under coarsening, and
can be checked on a finite cover. See Section 3.6 for a precise formulation.

Subsection 3.1 proves (1), Section 3.2 proves (2), Section 3.3 proves (3), Section 3.4 proves (4),
Section 3.5 proves (5), and Section 3.6 proves (6). Before moving on, we also pose two question
related to Theorem 3.0.1. First:

Question 3.0.2. Can one prove the Künneth formula without the extra Noetherian hypothesis?

Second, as noted earlier (see Observation 1.3.10), if  is a monodromic ∞-topos and 𝑈 ∈  ,
then the slice∞-topos∕𝑈 is alsomonodromic.Wehave not listed the analogous stability property
for exodromic∞-topoi in Theorem 3.0.1; we do not know if it is true. Thus we ask:

Question 3.0.3. Let ( , 𝑃) be a stratified∞-topos and 𝑈 ∈  . Then composing the natural geo-
metric morphism ∕𝑈 →  with the stratification of  gives ∕𝑈 a natural 𝑃-stratification. Is the
stratified∞-topos (∕𝑈, 𝑃) exodromic?
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EXODROMY BEYOND CONICALITY 37 of 98

3.1 Stability under pulling back to locally closed subposets

Let ( , 𝑃) be an exodromic stratified ∞-topos. The purpose of this subsection is to show that
for each locally closed subposet 𝑆 ⊂ 𝑃, the stratified ∞-topos (𝑆, 𝑆) is exodromic, the inclusion
𝑖𝑆,∗ ∶ (𝑆, 𝑆) ↪ ( , 𝑃) is exodromic, and the natural functor

Π∞(𝑆, 𝑆) → Π∞( , 𝑃) ×𝑃 𝑆

is an equivalence (see Corollary 3.1.18). This result generalizes [14, Proposition 3.6-(2)]; [28, Propo-
sition 3.13-(1)] to the setting of exodromic stratified ∞-topoi; the proof is essentially the same as
theirs, just adapted to our more general setting. A key step is to show that both constructible
objects and functors out of exit-path ∞-categories satisfy recollement. We refer the reader to [34,
§A.8]; [35, §7.2]; [2, §6.1]; [43, §2] for background on recollements.
We start by proving a general recollement result for ∞-categories of functors out of an

∞-category with a functor to a poset.

Notation 3.1.1. Let 𝐹∶  → 𝑃 be a functor from an ∞-category to a poset. Given a full subposet
𝑆 ⊂ 𝑃, we write 𝑆 ≔  ×𝑃 𝑆.

Observation 3.1.2. In the setting of Notation 3.1.1, note that since the inclusion 𝑆 ⊂ 𝑃 is fully
faithful, its basechange 𝑆 →  is fully faithful with image those objects lying over 𝑆.

Proposition 3.1.3. Let 𝐹∶  → 𝑃 be a functor from an ∞-category to a poset, and let 𝑍 ⊂ 𝑃

be a closed subposet with open complement 𝑈 = 𝑃 ⧵ 𝑍. Write 𝑖 ∶ 𝑍 ↪  and 𝑗 ∶ 𝑈 ↪  for the
inclusions. Then the restriction functors

𝑖∗ ∶ Fun(, 𝐒𝐩𝐜) → Fun(𝑍, 𝐒𝐩𝐜) and 𝑗∗ ∶ Fun(, 𝐒𝐩𝐜) → Fun(𝑈, 𝐒𝐩𝐜)

exhibit Fun(, 𝐒𝐩𝐜) as the recollement of Fun(𝑍, 𝐒𝐩𝐜) and Fun(𝑈, 𝐒𝐩𝐜).

Proof. Note that since every object of  belongs to either 𝑈 or 𝑍 and equivalences in Fun(, 𝐒𝐩𝐜)

are detected pointwise, the functors 𝑗∗ and 𝑖∗ are jointly conservative. Hence the only nontrivial
point to check is that the composite 𝑗∗𝑖∗ is constantwith value the terminal object ofFun(𝑈, 𝐒𝐩𝐜).
For this, consider the pullback square of∞-categories

Since 𝑖 is a right fibration (Lemma A.2.6), 𝑖 is a proper functor in the sense of [14, Definition 2.22].
(See also [33, §4.1.2]; [13, §4.4].) Hence proper basechange [14, Theorem 2.27] implies that the
exchange transformation

𝑗∗𝑖∗ → 𝑎∗𝑏
∗
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38 of 98 HAINE et al.

is an equivalence. To complete the proof, note that the functor

𝑏∗ ∶ Fun(𝑍, 𝐒𝐩𝐜) → Fun(∅, 𝐒𝐩𝐜) ≃∗

is the unique functor and the functor 𝑎∗ ∶ ∗ → Fun(𝑈, 𝐒𝐩𝐜) picks out the terminal object. □

Wenow turn to showing that constructible objects satisfy recollement. Let us introduce a special
class of coefficients we are interested in:

Definition 3.1.4. We say that a presentable ∞-category  is compatible with recollements if for
every recollement datum of∞-topoi

𝑖∗ ∶  →  and 𝑗∗ ∶  →  ,

the induced functors

𝑖∗ ⊗  ∶  ⊗  →  ⊗  and 𝑗∗ ⊗  ∶  ⊗  →  ⊗ 

exhibit  ⊗  as the recollement of  ⊗  and ⊗  .

Recollection 3.1.5. It follows from [20, Corollary 2.18 and Proposition 2.26] that if  is either
compactly assembled or stable, then it is compatible with recollements.

Observation 3.1.6 (see Recollection B.1.8 and Proposition B.1.10). Let ( , 𝑃) be a stratified∞-topos
and let 𝑍 ⊂ 𝑃 be a closed subposet with open complement 𝑈 = 𝑃 ⧵ 𝑍. Then the functors

𝑖∗𝑍 ∶  → 𝑍 and 𝑖∗𝑈 ∶  → 𝑈

exhibit  as the recollement of 𝑍 and 𝑈 .

In order to prove recollement for constructible objects, we need the following fact:

Lemma 3.1.7. Let be an∞-topos and let  be a presentable∞-category. Then the terminal object
of Sh( ; ) is constant and hypercomplete.

Proof. For hypercompleteness, observe that since the inclusion Sh(hyp; ) ↪ Sh( ; ) is a right
adjoint, it carries the terminal object to the terminal object; hence the terminal object of Sh( ; )

is hypercomplete. For constancy, choose a small ∞-category  and a fully faithful embedding
𝑖 ∶  ↪ PSh() with left exact left adjoint. Note that the constant functor Γ∗ ∶ 𝐒𝐩𝐜 → PSh() is
both a left and a right adjoint. By the functoriality of the tensor product, the induced functor
Γ∗ ⊗  is also both a left and a right adjoint. In particular, Γ∗ ⊗  preserves the terminal object;
hence the terminal object of

Sh(PSh(); ) ≃ PSh(; )

is constant. Since 𝑖 ⊗  ∶ Sh( ; ) ↪ Sh(PSh(); ) is a fully faithful right adjoint, it carries
the terminal object to the terminal object; we deduce that the terminal object of Sh( ; ) is
constant. □
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EXODROMY BEYOND CONICALITY 39 of 98

Lemma 3.1.8. Let ( , 𝑃) be a stratified ∞-topos, let 𝑍 ⊂ 𝑃 be a closed subposet with open com-
plement 𝑈 = 𝑃 ⧵ 𝑍, and let  be a presentable ∞-category. If  is compatible with recollements,
then:

(1) If 𝐹 ∈ Cons𝑈(𝑈; ), then 𝑖𝑈,!(𝐹) ∈ Cons𝑃( ; ).
(2) If 𝐺 ∈ Cons𝑍(𝑍; ), then 𝑖𝑍,∗(𝐺) ∈ Cons𝑃( ; ).
(3) The composite 𝑖∗

𝑈
𝑖𝑍,∗ ∶ Cons𝑍(𝑍; ) → Cons𝑈(𝑈; ) is constant with value the terminal

object.
(4) The functors

𝑖∗𝑍 ∶ Cons𝑃( ; ) → Cons𝑍(𝑍; ) and 𝑖∗𝑈 ∶ Cons𝑃( ; ) → Cons𝑈(𝑈; )

are jointly conservative.

Proof. All of these claims essentially follow from Recollection 3.1.5. For (1), note that since
𝑖∗
𝑈
𝑖𝑈,!(𝐹) ≃ 𝐹, it suffices to show that 𝑖∗

𝑍
𝑖𝑈,!(𝐹) is locally constant on 𝑍 . By recollement, the

functor

𝑖∗𝑍𝑖𝑈,! ∶ Sh(𝑈; ) → Sh(𝑍; )

is constant with value the initial object, which is 𝑈-constructible. For (2), note that since
𝑖∗
𝑍
𝑖𝑍,∗(𝐺) ≃ 𝐺, it suffices to show that 𝑖∗

𝑈
𝑖𝑍,∗(𝐺) is 𝑈-constructible on 𝑈 . Again by recollement,

the functor

𝑖∗𝑈𝑖𝑍,∗ ∶ Sh(𝑍; ) → Sh(𝑈; )

is constant with value the terminal object. Since 𝑖∗
𝑈

∶ Sh( ; ) → Sh(𝑈; ) is a right adjoint and
since the terminal object in Sh( ; ) is 𝑃-constructible (Lemma 3.1.7), it follows that the terminal
object in Sh(𝑈; ) is𝑈-constructible. In particular, 𝑖∗

𝑈
𝑖𝑍,∗ carriesCons𝑍(𝑍; ) toCons𝑈(𝑈; ),

thus proving at the same time (2) and (3). Item (4) is immediate from recollement. □

Lemma 3.1.9. Let ( , 𝑃) be a stratified ∞-topos, let 𝑈 ⊂ 𝑃 be an open subposet, and let  be a
presentable∞-category. If  is compatible with recollements, then:

(1) Write∅ for the initial object of Cons𝑍(𝑍; ) and set

ker(𝑖∗𝑍) ≔
{
𝑋 ∈ Cons𝑃( ; ) ∣ 𝑖∗𝑍(𝑋) ≃ ∅

}
.

Then the induced functor

𝑖𝑈,! ∶ Cons𝑈(𝑈; ) ↪ ker(𝑖∗𝑍)

is an equivalence.
(2) Write ∗ for the terminal object of Cons𝑈(𝑈; ) and set

ker(𝑖∗𝑈) ≔
{
𝑋 ∈ Cons𝑃( ; ) ∣ 𝑖∗𝑈(𝑋) ≃∗

}
.

Then the induced functor
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40 of 98 HAINE et al.

𝑖𝑍,∗ ∶ Cons𝑍(𝑍; ) ↪ ker(𝑖∗𝑈)

is an equivalence

Proof. In both cases, it suffices to check essential surjectivity. So let 𝑋 ∈ ker(𝑖∗
𝑍
) and consider

the counit 𝑐∶ 𝑖𝑈,!𝑖
∗
𝑈
(𝑋) → 𝑋 in Cons𝑃( ; ). By Lemma 3.1.8-(4), it suffices to show that 𝑖∗(𝑐)

and 𝑖∗
𝑍
(𝑐) are equivalences. The former follows from the full faithfulness of 𝑖𝑈,!, and the latter

follows from the definition of ker(𝑖∗
𝑍
). For (2), the same argument applies, starting with the unit

𝑢∶ 𝐹 → 𝑖𝑍,∗𝑖
∗
𝑍
(𝐹) in place of the counit. □

Lemma 3.1.10. Let ( , 𝑃) be a stratified ∞-topos, let 𝑍 ⊂ 𝑃 be a closed subposet with open com-
plement 𝑈 = 𝑃 ⧵ 𝑍, and let  be a presentable ∞-category. If  is compatible with recollements,
then:

(1) If Cons𝑃( ; ) is presentable, then Cons𝑃(𝑍; ) and Cons𝑃(𝑈; ) are also presentable.
(2) If Cons𝑃( ; ) is closed under colimits in Sh( ; ), then the functor 𝑖∗

𝑈
∶ Cons𝑃( ; ) →

Cons𝑈(𝑈; ) preserves colimits.
(3) If Cons𝑃( ; ) is closed under finite limits in Sh( ; ), then the functor 𝑖∗

𝑍
∶ Cons𝑃( ; ) →

Cons𝑍(𝑍; ) is left exact.
(4) If Cons𝑃( ; ) is presentable and closed under colimits and under finite limits in Sh( ; ),

then the functors 𝑖∗
𝑍
and 𝑖∗

𝑈
exhibit Cons𝑃( ; ) as the recollement of Cons𝑍(𝑍; ) and

Cons𝑈(𝑈; ).

Proof. For (1), notice that Lemma 3.1.8-(2) implies that Cons𝑍(𝑍; ) is a localization of
Cons𝑃( ; ). Moreover, Lemma 3.1.9-(2) immediately implies that Cons𝑍( ; ) is closed under
weakly contractible colimits inside Cons𝑃( ; ); in particular

Cons𝑍( ; ) ⊂ Cons𝑃( ; )

is closed under filtered colimits. Thus, the ∞-categorical reflection theorem [42, Theorem
1.1] implies that Cons𝑍(𝑋; ) is presentable. Then, Lemma 3.1.9-(1) implies that Cons𝑈(𝑈; )

is presentable.
Item (2) follows from the given assumption, the full faithfulness of Cons𝑈(𝑈; ) inside

of Sh(𝑈; ), and the fact that 𝑖∗
𝑈

∶ Sh( ; ) → Sh(𝑈; ) preserves colimits and preserves
constructible objects. A similar argument shows (3) as well.
We are left to prove (4). By virtue of Lemma 3.1.8, all we are left to do is to check that 𝑖∗

𝑈
admits

a right adjoint and that 𝑖∗
𝑍
is left exact. The first statement follows from (1), (2), and the adjoint

functor theorem, while the second follows directly from (3). □

Inwhat follows, wewill need to use the fact that given an open immersion of∞-topoi 𝑗∗ ∶  ↪

 , the∞-topos is naturally identified with the slice ∕𝑗!(1)
. Hence we recall some basic results

about slice∞-categories.

Recollection 3.1.11. Let 𝑖 ∶  ↪  be a fully faithful functor of∞-categories and let 𝑐 ∈ . Then:

(1) The induced functor 𝑖 ∶ ∕𝑐 → ∕𝑖(𝑐) is fully faithful.
(2) If 𝑖 ∶  ↪  admits a left adjoint 𝐿∶  → , then 𝑖 ∶ ∕𝑐 → ∕𝑖(𝑐) admits a left adjoint given

by the induced functor
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EXODROMY BEYOND CONICALITY 41 of 98

𝐿∶ ∕𝑖(𝑐) → ∕𝐿𝑖(𝑐) ≃ ∕𝑐.

(3) If 𝑖 ∶  ↪  admits a right adjoint 𝑅∶  → , then 𝑖 ∶ ∕𝑐 → ∕𝑖(𝑐) admits a right adjoint
given by the induced functor

𝑅∶ ∕𝑖(𝑐) → ∕𝑅𝑖(𝑐) ≃ ∕𝑐.

See [33, Proposition 5.2.5.1].

Lemma 3.1.12. Let  be an ∞-category,  ⊂  a full subcategory, and 𝑐 ∈ . Then the natural
square

is a pullback square of∞-categories. Here the vertical functors are the forgetful functors.

Proof. Consider the commutative cube

By definition, the front and back vertical faces are pullbacks. Since  ⊂  is a full subcategory,
the right-hand vertical face is a pullback. Hence the left-hand vertical face is also a pullback. □

Let us now give an alternative description of constructible objects in a stratified ∞-topos
obtained by pulling back to an open subposet.

Lemma 3.1.13. Let ( , 𝑃) be a stratified∞-topos and let𝑈 ⊂ 𝑃 be an open subposet. Then:

(1) The square

is a pullback square of∞-categories.
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42 of 98 HAINE et al.

(2) There is a commutative square

where the vertical functors are equivalences and the horizontal functors are the natural
inclusions.

Proof. For (1), note that it suffices to show that the fully faithful functor

𝑖𝑈,! ∶ Cons𝑈(𝑈) ↪ Cons𝑃() ∩ 𝑖𝑈,!(𝑈)

is essentially surjective. For this, let 𝐺 ∈ 𝑈 be such that 𝑖𝑈,!(𝐺) is 𝑃-constructible. Write 𝑍 ≔

𝑃 ⧵ 𝑈. Then 𝑖∗
𝑍
𝑖𝑈,!(𝐺) = ∅ and 𝑖∗

𝑈
𝑖𝑈,!(𝐺) is 𝑈-constructible. Hence 𝐺 ∈ Cons𝑈(𝑈), completing

the proof.
For (2), note that since 𝑖𝑈,∗ ∶ 𝑈 ↪  is an open immersion of ∞-topoi, the exceptional left

adjoint 𝑖𝑈,! ∶ 𝑈 ↪  induces an equivalence 𝑈 ⥲ ∕𝑖𝑈,!(1)
fitting into a commutative triangle

Since 𝑖𝑈,!(1) ∈ Cons𝑃(), the claim follows from item (1) combined with Lemma 3.1.12. □

Proposition 3.1.14 (recollement). Let 𝑠∗ ∶  → Fun(𝑃, 𝐒𝐩𝐜) be an exodromic stratified ∞-topos
and let 𝑍 ⊂ 𝑃 be a closed subposet with open complement𝑈 = 𝑃 ⧵ 𝑍. Then:

(1) The functors

𝑖∗𝑍 ∶ Cons𝑃() → Cons𝑍(𝑍) and 𝑖∗𝑈 ∶ Cons𝑃() → Cons𝑈(𝑈)

exhibit Cons𝑃() as the recollement of Cons𝑍(𝑍) and Cons𝑈(𝑈).
(2) The stratified ∞-topos (𝑈,𝑈) is exodromic, the morphism 𝑖𝑈,∗ ∶ (𝑈,𝑈) ↪ ( , 𝑃) is exo-

dromic, and the induced functor

Π∞(𝑋𝑈,𝑈) → Π∞(𝑋, 𝑃)𝑈

is an equivalence.
(3) The stratified∞-topos (𝑍, 𝑍) is exodromic, themorphism 𝑖𝑍,∗ ∶ (𝑍, 𝑍) ↪ ( , 𝑃) is exodromic,

and the induced functor

Π∞(𝑋𝑍, 𝑍) → Π∞(𝑋, 𝑃)𝑍

is an equivalence.
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EXODROMY BEYOND CONICALITY 43 of 98

Proof. Item (1) follows directly from Lemma 3.1.10-(4). For (2), let us first prove that Cons𝑈(𝑈)

is closed under limits and colimits in 𝑈 . By Lemma 3.1.13-(2), we have a commutative square

where the vertical functors are equivalences. Since ( , 𝑃) is exodromic, the inclusionCons𝑃() ⊂

 admits both a left and right adjoint. Hence Recollection 3.1.11 shows that the inclusion
Cons𝑈(𝑈) ⊂ 𝑈 admits both a left and right adjoint.
Write 𝑠𝑈,∗ ∶ 𝑈 → Fun(𝑈, 𝐒𝐩𝐜) for the induced stratification and 𝑗 ∶ 𝑈 ↪ 𝑃 for the inclu-

sion. All we are left to show is that the ∞-category Cons𝑈(𝑈) is atomically generated by
Π∞( , 𝑃)𝑈 and that the pullback functor 𝑠∗

𝑈
∶ Fun(𝑈, 𝐒𝐩𝐜) → Cons𝑈(𝑈) preserves limits. To

see that Cons𝑈(𝑈) is atomically generated by Π∞( , 𝑃)𝑈 , notice that since 𝑖∗
𝑍
𝑖𝑈,!(1) = ∅ and

𝑖∗
𝑈
𝑖𝑈,!(1) = 1, the fully faithful functor

𝑖𝑈,! ∶ Cons𝑈(𝑈) ↪ Cons𝑃() ≃ Fun(Π∞( , 𝑃), 𝐒𝐩𝐜)

has image those functors 𝐹∶ Π∞( , 𝑃) → 𝐒𝐩𝐜 such that the composite

is constant with value the initial object. Now note that this full subcategory coincides with the
image of the fully faithful functor

Fun(Π∞( , 𝑃)𝑈, 𝐒𝐩𝐜) ↪ Fun(Π∞( , 𝑃), 𝐒𝐩𝐜)

given by left Kan extension along the inclusion Π∞( , 𝑃)𝑈 ↪ Π∞( , 𝑃).
To see that 𝑠∗

𝑈
∶ Fun(𝑈, 𝐒𝐩𝐜) → Cons𝑈(𝑈) preserves limits, notice that we have a commuta-

tive square

Since 𝑗∗ is fully faithful, we see that there are equivalences

𝑠∗
𝑈 ≃ 𝑠∗

𝑈𝑗∗𝑗∗ ≃ 𝑖∗𝑈𝑠∗𝑗∗ .

Since the functors 𝑖∗
𝑈
, 𝑠∗, and 𝑗∗ all preserve limits, we deduce that 𝑠∗

𝑈
preserves limits, as desired.

For (3), recall from Lemma 3.1.9-(1) that

Cons𝑍(𝑍) ≃ ker
(
𝑖∗𝑈 ∶ Cons𝑃() → Cons𝑈(𝑈)

)
. (3.1.15)
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44 of 98 HAINE et al.

Since ( , 𝑃) is exodromic by assumption, (𝑈,𝑈) is exodromic by (2), and 𝑖∗
𝑈
preserves limits and

colimits, we deduce that Cons𝑍(𝑍) ⊂ 𝑍 is closed under limits and colimits. Proposition 3.1.3
and the identification (3.1.15) show that the ∞-category Cons𝑍(𝑍) is atomically generated by
Π∞( , 𝑃)𝑍 and the functor 𝑖∗

𝑍
∶ Cons𝑃() → Cons𝑍() preserves limits and colimits.

Write 𝑠𝑍,∗ ∶ 𝑍 → Fun(𝑍, 𝐒𝐩𝐜) for the induced stratification and 𝑖 ∶ 𝑍 ↪ 𝑃 for the inclusion.All
that remains to be shown is that the pullback functor 𝑠∗

𝑍
∶ Fun(𝑍, 𝐒𝐩𝐜) → Cons𝑍(𝑍) preserves

limits. For this, notice that we have a commutative square

Since 𝑖∗ is fully faithful, we see that there are equivalences

𝑠∗
𝑍 ≃ 𝑠∗

𝑍𝑖∗𝑖∗ ≃ 𝑖∗𝑍𝑠∗𝑖∗ .

Since the functors 𝑖∗
𝑍
, 𝑠∗, and 𝑖∗ all preserve limits, we deduce that 𝑠∗

𝑍
preserves limits, as

desired. □

3.1.16. In the setting of Proposition 3.1.14, the recollement takes the following form:

Here the functors 𝑖𝑍,∗, 𝑖∗𝑍 , 𝑖𝑈,!, and 𝑖∗
𝑈
agree with those at the level of the∞-topoi 𝑍 , 𝑈 , and  . The

functor 𝑖c
𝑈,∗

does not necessarily agree with the pushforward 𝑖𝑈,∗ ∶ 𝑈 ↪  , and the functor 𝑖c
𝑍,♯

is
“extra” in the sense that it does not come for free from the theory of recollement.

For the next result, we need the following useful characterization of when a functor of exit-path
∞-categories is fully faithful in terms of the constructible pushforwards:

Lemma 3.1.17. Let 𝑓∗ ∶ ( , 𝑃) → ( , 𝑄) be a morphism between exodromic stratified ∞-topoi. If
𝑓∗ is exodromic, then the following are equivalent:

(1) The functor 𝑓ex ∶ Π∞( , 𝑃) → Π∞( , 𝑄) is fully faithful.
(2) The functor 𝑓c

♯
∶ Cons𝑃() → Cons𝑄() is fully faithful.

(3) The functor 𝑓c
∗ ∶ Cons𝑃() → Cons𝑄() is fully faithful.

Proof. Immediate from the fact that a functor 𝐹∶  →  is fully faithful if and only if either of
the functors

𝐹!, 𝐹∗ ∶ Fun(, 𝐒𝐩𝐜) → Fun(, 𝐒𝐩𝐜)

given by left or right Kan extension along 𝐹 is fully faithful. □
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EXODROMY BEYOND CONICALITY 45 of 98

By writing a locally closed immersion of posets as the composite of a closed immersion and an
open immersion, we deduce the main result of this subsection:

Corollary 3.1.18 (stability under pulling back to locally closed subposets). Let ( , 𝑃) be an
exodromic stratified∞-topos and let 𝑆 ⊂ 𝑃 be a locally closed subposet. Then:

(1) The stratified ∞-topos (𝑆, 𝑆) is exodromic and the morphism of stratified ∞-topoi
𝑖𝑆,∗ ∶ (𝑆, 𝑆) ↪ ( , 𝑃) is exodromic.

(2) The∞-topos 𝑆 is monodromic.
(3) The natural functorΠ∞(𝑆, 𝑆) → Π∞( , 𝑃)𝑆 is an equivalence.
(4) The functors 𝑖c

𝑆,♯
, 𝑖c

𝑆,∗
∶ Cons𝑆(𝑆) → Cons𝑃() are both fully faithful.

(5) The natural functorΠ∞( , 𝑃) → 𝑃 is conservative.

Proof. Choose an open subposet 𝑈 ⊂ 𝑃 containing 𝑆 such that 𝑆 is closed in 𝑈. For (1), apply
Proposition 3.1.14-(3) to both the open inclusion 𝑈 ⊂ 𝑃 and the closed inclusion 𝑆 ⊂ 𝑈. Item (2)
follows from (1) and Lemma 2.2.20. For (3), applying Proposition 3.1.14-(4) to the closed inclusion
𝑆 ⊂ 𝑈 and the open inclusion 𝑈 ⊂ 𝑃, we see that there are equivalences

Π∞(𝑆, 𝑆) ⥲ Π∞(𝑈,𝑈) ×𝑈 𝑆

⥲ (Π∞( , 𝑃) ×𝑃 𝑈) ×𝑈 𝑆

≃ Π∞( , 𝑃)𝑆.

By Observation 3.1.2, the natural functor Π∞( , 𝑃)𝑆 → Π∞( , 𝑃) is fully faithful; hence
Lemma 3.1.17 shows that (4) follows from (3). For (5), note that by Recollection A.1.1, we need
to show that each fiber Π∞( , 𝑃)𝑝 is an ∞-groupoid. Since each 𝑝 ∈ 𝑃 is locally closed, item (1)
shows that

Π∞( , 𝑃)𝑝 ≃ Π∞(𝑝, {𝑝}).

The conclusion now follows from the fact that Π∞(𝑝, {𝑝}) is an ∞-groupoid (Recollec-
tion 1.3.8). □

We conclude by recording a few consequences of Corollary 3.1.18. First, we can describe the
objects of the exit-path∞-category.

Observation 3.1.19 (the objects of Π∞( , 𝑃)). Let ( , 𝑃) be an exodromic stratified space.
Corollary 3.1.18 implies that there is a natural identification

Π∞( , 𝑃)≃ ≃
∐
𝑝∈𝑃

Π∞(𝑝)

between themaximal sub-∞-groupoid ofΠ∞( , 𝑃) and the coproduct of the shapes of the∞-topoi
𝑝.

Second, equivalences of constructible objects can be checked by pulling back to strata:
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46 of 98 HAINE et al.

Corollary 3.1.20. Let ( , 𝑃) be an exodromic stratified ∞-topos and let {𝑆𝛼}𝛼∈𝐴 be a collection of
locally closed subposets of 𝑃 such that

⋃
𝛼∈𝐴 𝑆𝛼 = 𝑃. Then the restriction functors

{
𝑖∗𝑆𝛼

∶ Cons𝑃() → Cons𝑆𝛼
(𝑆𝛼

)
}

𝛼∈𝐴

are jointly conservative.

Proof. Since each 𝑝 ∈ 𝑃 is locally closed, by further restricting to the strata, it suffices to show
that the restriction functors {

𝑖∗𝑝 ∶ Cons𝑃() → LC(𝑝)
}

𝑝∈𝑃

are jointly conservative. By Corollary 3.1.18, the stratified ∞-topos (𝑝, {𝑝}) is exodromic and the
inclusion 𝑖𝑝,∗ ∶ (𝑝, {𝑝}) ↪ ( , 𝑃) is exodromic. Hence the claim follows from the identification
of the restriction functor 𝑖∗𝑝 ∶ Cons𝑃() → LC(𝑝) with the functor

Fun(Π∞( , 𝑃), 𝐒𝐩𝐜) → Fun(Π∞(𝑝), 𝐒𝐩𝐜)

given by precomposition with the inclusion Π∞(𝑝) ≃ Π∞( , 𝑃)𝑝 ↪ Π∞( , 𝑃). □

Finally, the ∞-category of constructible objects with arbitrary presentable coefficients is still
presentable:

Lemma 3.1.21. Let ( , 𝑃) be a stratified∞-topos and let  be a presentable∞-category. If for each
𝑝 ∈ 𝑃, the stratum 𝑝 is monodromic, then the ∞-category Cons𝑃( ; ) is presentable and closed
under colimits in Sh( ; ).

Proof. By definition, Cons𝑃( ; ) fits into a pullback square of∞-categories

Since each 𝑝 is monodromic, by Recollection 1.3.8, LC(𝑝; ) is presentable and closed under
limits and colimits in Sh(𝑝; ). The fact that the forgetful functor 𝐏𝐫L → Cat∞ preserves limits
[33, Proposition 5.5.3.13] completes the proof. □

Corollary 3.1.22. Let ( , 𝑃) be an exodromic stratified topos. Then for any presentable∞-category
 , the∞-category Cons𝑃( ; ) is presentable and closed under colimits in Sh( ; ).

Proof. Combine Corollary 3.1.18 and Lemma 3.1.21. □
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EXODROMY BEYOND CONICALITY 47 of 98

3.2 All morphisms are exodromic

We now use Corollary 3.1.18 to show that every morphism between exodromic stratified ∞-topoi
is exodromic. We start by proving this in the special case where the target is trivially stratified.

Lemma 3.2.1. Let 𝑓∗ ∶ ( , 𝑃) → ( , ∗) be a morphism of stratified ∞-topoi, where the target is
trivially stratified. If the stratified ∞-topoi ( , 𝑃) and ( , ∗) are exodromic, then the morphism 𝑓∗

is exodromic.

Proof. Since ( , 𝑃) is exodromic, Lemma 2.2.20-(1) shows that the trivially stratified∞-topos ( , ∗

) is exodromic. The morphism 𝑓∗ factors as a composite

By Lemma 2.2.20-(2), the left-hand morphism is exodromic, and by Example 2.3.4 the right-hand
morphism is exodromic. Hence the composite is exodromic. □

For the following result, we introduce a variant of Notation 2.1.9.

Notation 3.2.2. Let ( , 𝑅) be a stratified ∞-topos and 𝜙∶ 𝑅 → 𝑃 be a map of posets. Given
𝑝 ∈ 𝑃, we write 𝑅𝑝 ≔ 𝜙−1(𝑝) for the full subposet of 𝑅 given by the fiber of 𝜙 over 𝑝. Note that
𝑝 = 𝑅𝑝

. Hence the stratum𝑝 is naturally a𝑅𝑝-stratified∞-topos and the geometricmorphism
𝑖𝑝,∗ ∶ 𝑝 ↪  defines a morphism of stratified ∞-topoi (𝑝, 𝑅𝑝) ↪ ( , 𝑅).

Theorem 3.2.3 (all morphisms are exodromic). Let 𝑓∗ ∶ ( , 𝑃) → ( , 𝑄) be a morphism between
exodromic stratified∞-topoi. Then 𝑓∗ is exodromic.

Proof. By Corollary 3.1.20, the functors

{
𝑖∗𝑃𝑞

∶ Cons𝑃() → Cons𝑃𝑞
(𝑞)

}
𝑞∈𝑄

are jointly conservative. Moreover, since the subposet 𝑃𝑞 ⊂ 𝑃 is locally closed, by Corollary 3.1.18-
(1) these functors also preserve limits and colimits. Hence it suffices to show that for each 𝑞 ∈ 𝑄,
the composite 𝑖∗

𝑃𝑞
𝑓∗ preserves limits and colimits.

As in Observation 2.1.11, write 𝑓𝑞 ∶ (𝑞, 𝑃𝑞) → (𝑞, {𝑞}) for the induced morphism of stratified
∞-topoi. Note that we have a commutative square

Again by Corollary 3.1.18-(1), the functor 𝑖∗𝑞 preserves limits and colimits. To complete the proof,
note that by Corollary 3.1.18-(1) the stratified∞-topoi (𝑞, 𝑃𝑞) and (𝑞, {𝑞}) are exodromic; hence
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48 of 98 HAINE et al.

Lemma 3.2.1 shows that the functor 𝑓∗
𝑞 preserves limits and colimits. Thus 𝑓∗

𝑞𝑖∗𝑞 preserves limits
and colimits. □

We can now cleanly state the functoriality of exit-path ∞-categories. For this, recall Nota-
tion 1.3.14 and Definition 2.1.6.

Notation 3.2.4. Write 𝐒𝐭𝐫𝐓𝐨𝐩ex
∞ ⊂ 𝐒𝐭𝐫𝐓𝐨𝐩∞ for the full subcategory spanned by the exodromic

stratified∞-topoi.

Observation 3.2.5 (functoriality of exit-path ∞-categories). The assignment ( , 𝑃) ↦ Π∞( , 𝑃)

refines to a functor

Π∞(−,−)∶ 𝐒𝐭𝐫𝐓𝐨𝐩ex
∞ → 𝐂𝐚𝐭idem

∞ .

Specifically, this functor is given by the composite

where the left-hand functor sends ( , 𝑃) to the ∞-category Cons𝑃() with functoriality given
by pullback, and the right-hand functor sends an atomically generated ∞-category  to the ∞-
category ex = (at)op given by the opposite of the subcategory of atomic objects.

3.3 Stability under coarsening

Let ( , 𝑅) be an exodromic stratified ∞-topos, and let 𝜙∶ 𝑅 → 𝑃 be a map of posets. In this
subsection, show that ( , 𝑃) is also exodromic and expressΠ∞( , 𝑃) as a localization ofΠ∞( , 𝑅).

Observation 3.3.1. Let ( , 𝑅) be a stratified ∞-topos and let 𝜙∶ 𝑅 → 𝑃 be a map of posets. Since
the morphism of stratified ∞-topoi ( , 𝑅) → ( , 𝑃) is the identity on the underlying ∞-topos  ,
the pullback along ( , 𝑅) → ( , 𝑃) is simply the inclusion

Cons𝑃() ↪ Cons𝑅().

Lemma 3.3.2. Let ( , 𝑅) be a stratified ∞-topos and let 𝜙∶ 𝑅 → 𝑃 be a map of posets. If ( , 𝑅) is
exodromic, then the following conditions are equivalent:

(1) The stratified∞-topos ( , 𝑃) is exodromic.
(2) The full subcategory Cons𝑃() ⊂ Cons𝑅() is closed under both limits and colimits.

Proof. Note that by Observation 3.3.1 we immediately have (1)⇒ (2).
To show is that (2) ⇒ (1), we check the three conditions of Definition 2.2.10. First note that

since ( , 𝑅) is exodromic, the ∞-category Cons𝑅() is atomically generated. Hence (2) and
Proposition 1.1.14 imply that the full subcategory Cons𝑃() is atomically generated and the
inclusion

Cons𝑃() ⊂ Cons𝑅()
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EXODROMY BEYOND CONICALITY 49 of 98

admits both a left and a right adjoint. Since ( , 𝑅) is exodromic, the full subcategory

Cons𝑅() ⊂ 

is closed under limits and colimits; hence Cons𝑃() ⊂  is also closed under limits and colimits.
Write 𝑡∗ ∶  → Fun(𝑅, 𝐒𝐩𝐜) for the stratification, and 𝑠∗ ∶  → Fun(𝑃, 𝐒𝐩𝐜) for the composite

𝜙∗𝑡∗. All that remains to be shown is that the pullback functor

𝑠∗ ∶ Fun(𝑃, 𝐒𝐩𝐜) → Cons𝑃()

preserves limits and colimits. For this, note that we have a commutative square

Here, the bottom horizontal functor is the inclusion, which is also the pullback along the refine-
ment map ( , 𝑅) → ( , 𝑃). The functor 𝜙∗ preserves limits and colimits; by assumption both the
bottom horizontal functor and 𝑡∗ preserve limits and colimits. Hence 𝑠∗ also preserves limits and
colimits. □

To compute the exit-path∞-category of a coarsening, we also make use of the following:

Lemma 3.3.3. Let 𝐹∶  →  and 𝐺∶  →  be functors between ∞-categories. Write 𝑊 ⊂

Mor() for the collection of morphisms that 𝐺𝐹 carries to equivalences in  . If 𝐹 is a localization
and 𝐺 is conservative, then 𝐹 induces an equivalence

[𝑊−1] ⥲ .

Proof. Since 𝐹 is a localization, it suffices to show that given a morphism 𝑓 in , the morphism
𝐹(𝑓) is an equivalence if and only if 𝑓 ∈ 𝑊. To see this, note that since 𝐺 is conservative, 𝐹(𝑓) is
an equivalence if and only if 𝐺𝐹(𝑓) is an equivalence. □

For the proof of stability under coarsening, recall Notations 2.1.9 and 3.2.2. We also introduce
the following notation:

Notation 3.3.4. Let ( , 𝑅) be a stratified ∞-topos and 𝜙∶ 𝑅 → 𝑃 be a map of posets. If ( , 𝑅) is
exodromic, write 𝑊𝑃 ⊂ Mor(Π∞( , 𝑅)) for the collection of morphisms sent to equivalences by
the composite

Π∞( , 𝑅) → 𝑅 → 𝑃.

Theorem 3.3.5 (stability under coarsening). Let ( , 𝑅) be an exodromic stratified∞-topos, and let
𝜙∶ 𝑅 → 𝑃 be a map of posets. Then:

 17538424, 2026, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/topo.70091 by U
niversity O

f Southern C
alifornia, W

iley O
nline L

ibrary on [24/07/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



50 of 98 HAINE et al.

(1) The stratified∞-topos ( , 𝑃) is exodromic.
(2) The natural functor Π∞( , 𝑅) → Π∞( , 𝑃) induces an equivalence Π∞( , 𝑅)[𝑊−1

𝑃
] ⥲

Π∞( , 𝑃).

Proof. First we prove (1). Since ( , 𝑅) is exodromic, Corollary 3.1.22 shows that the subcategory

Cons𝑃() ⊂ Cons𝑅()

is closed under colimits. To prove closure under limits, let 𝐹∙ ∶ 𝐴 → Cons𝑃() be a diagram.
Write

𝐹−∞ ≔ lim
𝛼∈𝐴

𝐹𝛼

for the limit computed inCons𝑅(). We have to prove that for each 𝑝 ∈ 𝑃, the restriction 𝑖∗𝑝(𝐹−∞)

is locally constant. Again by Corollary 3.1.18-(1), the functor

𝑖∗𝑝 ∶ Cons𝑅() → Cons𝑅𝑝
(𝑝)

preserves limits. Therefore,

𝑖∗𝑝(𝐹−∞) ≃ lim
𝛼∈𝐴

𝑖∗𝑝(𝐹𝛼).

By assumption, each 𝑖∗𝑝(𝐹𝛼) is a locally constant object of 𝑝. Since 𝑝 = 𝑅𝑝
, by Corollary 3.1.18-

(2), the trivially stratified ∞-topos (𝑝, {𝑝}) is exodromic. Hence the subcategory

LC(𝑝) ⊂ 𝑝

is closed under limits (Recollection 1.3.8). Therefore, 𝑖∗𝑝(𝐹−∞) is locally constant, as desired.
For item (2), note that (1) and Proposition 1.1.14 imply that the induced functor Π∞( , 𝑅) →

Π∞( , 𝑃) exhibits Π∞( , 𝑃) as the idempotent completion of the localization of Π∞( , 𝑅) at
the class of morphisms that the functor Π∞( , 𝑅) → Π∞( , 𝑃) carries to equivalences. More-
over, Corollary 3.1.18-(5) implies that the induced functor Π∞( , 𝑃) → 𝑃 is conservative. Hence
Lemma 3.3.3 shows that the induced functor

Π∞( , 𝑅) → Π∞( , 𝑃)

exhibits Π∞( , 𝑃) as the idempotent completion of the localization Π∞( , 𝑅)[𝑊−1
𝑃

]. Corol-
lary 3.1.18-(5) shows that the natural functor Π∞( , 𝑅) → 𝑅 is conservative. Thus Proposi-
tion A.2.2 shows thatΠ∞( , 𝑅)[𝑊−1

𝑃
] is already idempotent complete, concluding the proof. □

Notation 3.3.6. Write Env ∶ 𝐂𝐚𝐭∞ → 𝐒𝐩𝐜 for the left adjoint to the inclusion 𝐒𝐩𝐜 ⊂ 𝐂𝐚𝐭∞. For
an ∞-category , we can compute Env() as the localization [−1] at all morphisms in  [14,
Corollary 2.10].

Corollary 3.3.7. Let ( , 𝑃) be an exodromic stratified∞-topos. Then there is a natural equivalence

Env(Π∞( , 𝑃)) ⥲ Π∞().
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EXODROMY BEYOND CONICALITY 51 of 98

Proof. Apply Theorem 3.3.5 to the map of posets 𝑃 → ∗. □

3.4 Checking exodromy locally

We now observe that the existence of an exit-path ∞-category can be checked by descent. This
generalizes [14, Proposition 3.6-(2)]; [28, Proposition 3.13-(2)] to the setting of stratified ∞-topoi.
We first recall two fundamental facts about∞-topoi.

Recollection 3.4.1.

(1) The∞-category𝐋𝐓𝐨𝐩∞ has all limits and colimits. Moreover, the forgetful functor𝐋𝐓𝐨𝐩∞ →

Cat∞ preserves limits. See [33, Proposition 6.3.2.3 and Corollary 6.3.4.7].
(2) A colimit in an∞-category  with pullbacks is van Kampen if the functor

op → Cat∞ , 𝑈 ↦ ∕𝑈

transforms it into a limit in Cat∞. A presentable ∞-category  is an ∞-topos if and only if
all colimits in  are van Kampen; see [33, Proposition 5.5.3.13, Theorem 6.1.3.9(3)], and [25,
Proposition 6.3.2.3].

Proposition 3.4.2 (van Kampen). Let 𝐴 be an ∞-category and let (∙, 𝑃∙)∶ 𝐴 → 𝐒𝐭𝐫𝐓𝐨𝐩∞ be a
diagram of stratified ∞-topoi. Let (∞, 𝑃∞) be a cone under (∙, 𝑃∙). Assume that the following
conditions are satisfied:

(1) For each 𝛼 ∈ 𝐴, the stratified∞-topos (𝛼, 𝑃𝛼) is exodromic.
(2) The natural pullback functors

∞ → lim
𝛼∈𝐴op

𝛼 and Cons𝑃∞
(∞) → lim

𝛼∈𝐴op
Cons𝑃𝛼

(𝛼)

are equivalences.

Then the stratified∞-topos (∞, 𝑃∞) is exodromic and the natural functor

colim
𝛼∈𝐴

Π∞(𝛼, 𝑃𝛼) → Π∞(∞, 𝑃∞)

is an equivalence of∞-categories. Here the colimit is formed in 𝐂𝐚𝐭idem
∞ .

Proof. Immediate from the definitions and the equivalence 𝐏𝐫L,at ≃ 𝐂𝐚𝐭idem
∞ of Recollec-

tion 1.1.12. □

Remark 3.4.3 (on idempotent completion). Let 𝑃 be a poset and write 𝐂𝐚𝐭cons
∞,∕𝑃

⊂ 𝐂𝐚𝐭∞,∕𝑃 for the
full subcategory spanned by those objects such that the specified functor  → 𝑃 is conservative.
The forgetful functor

𝐂𝐚𝐭∞,∕𝑃 → 𝐂𝐚𝐭∞
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52 of 98 HAINE et al.

preserves colimits. The inclusion 𝐂𝐚𝐭cons
∞,∕𝑃

↪ 𝐂𝐚𝐭∞,∕𝑃 preserves colimits (Observation A.3.4).
Hence, the forgetful functor

𝐂𝐚𝐭cons
∞,∕𝑃

→ 𝐂𝐚𝐭∞

preserves colimits. By Lemma A.1.3, every object of 𝐂𝐚𝐭cons
∞,∕𝑃

is idempotent complete. Hence in
Proposition 3.4.2, if the diagram of stratifying posets is constant, then the colimit in 𝐂𝐚𝐭∞ is
already idempotent complete.

An important application of Proposition 3.4.2 is for diagrams obtained by slicing over a diagram
in whose colimit is the terminal object. To explain this, we first explain why local constancy and
constructibility can, unsurprisingly, be checked locally.

Lemma 3.4.4. Let  be an ∞-topos and let 𝑈∙ ∶ 𝐴 →  be a diagram with colim𝛼∈𝐴 𝑈𝛼 ≃ 1 .
Then an object 𝐿 ∈  is locally constant if and only if for each 𝛼 ∈ 𝐴, the restriction 𝐿 × 𝑈𝛼 ∈ ∕𝑈𝛼

is locally constant.

Proof. Since locally constant objects are stable under pullback, the forward implication is clear.
For the reverse implication, for each 𝛼 ∈ 𝐴, write 𝑓𝛼,∗ ∶ ∕𝑈𝛼

→  for the induced geometric
morphism, so that 𝑓∗

𝛼 = (−) × 𝑈𝛼. Note that the induced map
∐

𝛼∈𝐴 𝑈𝛼 → 1 is an effec-
tive epimorphism. By assumption, for each 𝛼 ∈ 𝐴, the object 𝑓∗

𝛼(𝐿) is locally constant; choose
objects (𝑉𝛽)𝛽∈𝐵𝛼

of ∕𝑈𝛼
such that the induced map

∐
𝛽∈𝐵𝛼

𝑉𝛽 → 1∕𝑈𝛼
is an effective epimor-

phism and the further restriction of 𝑓∗
𝛼(𝐿) to each ∕𝑉𝛽

is constant. Since the forgetful functor
𝑓𝛼,♯ ∶ ∕𝑈𝛼

→  preserves colimits and pullbacks, it preserves effective epimorphisms. Hence
the induced map

∐
𝛽∈𝐵𝛼

𝑉𝛽 → 𝑈𝛼 is an effective epimorphism in  . Consequently, the induced
map

∐
𝛼∈𝐴

∐
𝛽∈𝐵𝛼

𝑉𝛽 → 1

is an effective epimorphism. By construction, the restriction of 𝐿 to each ∕𝑉𝛽
is constant, so 𝐿 is

locally constant, as desired. □

Lemma 3.4.5. Let ( , 𝑃) be a stratified ∞-topos and let 𝑈∙ ∶ 𝐴 →  be a diagram with
colim𝛼∈𝐴 𝑈𝛼 ≃ 1 . Then:

(1) An object 𝐹 ∈  is 𝑃-constructible if and only if for each 𝛼 ∈ 𝐴, the restriction 𝐹 × 𝑈𝛼 ∈ ∕𝑈𝛼

is 𝑃-constructible (with respect to the induced stratification).
(2) The natural functor Cons𝑃() → lim𝛼∈𝐴op Cons𝑃(∕𝑈𝛼

) is an equivalence.

Proof. For (1), note that since constructibility is preserved by pullback, the forward implica-
tion is clear. For the converse, for each 𝛼 ∈ 𝐴, write 𝑓𝛼,∗ ∶ ∕𝑈𝛼

→  for the induced geometric
morphism. Let 𝑝 ∈ 𝑃; we need to show that 𝑖∗𝑝(𝐹) is locally constant. Note that since 𝑖∗𝑝 is
preserves colimits, colim𝛼∈𝐴 𝑖∗𝑝(𝑈𝛼) ≃ 1𝑝

. By Lemma 3.4.4, to check that 𝑖∗𝑝(𝐹) is a locally con-
stant object of 𝑝, it suffices to check that the further restriction to each (𝑝)∕𝑖∗𝑝(𝑈𝛼) is locally
constant.
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EXODROMY BEYOND CONICALITY 53 of 98

To see this, observe that by Proposition B.1.10-(1), we have pullback squares

in 𝐑𝐓𝐨𝐩∞. In particular, the 𝑝-th stratum of the induced stratification on ∕𝑈𝛼
is (𝑝)∕𝑖∗𝑝(𝑈𝛼). By

assumption, 𝑖∗𝛼,𝑝𝑓∗
𝛼(𝐹) is a locally constant object of (𝑝)∕𝑖∗𝑝(𝑈𝛼). By the commutativity of the top

square, we deduce that the restriction of 𝑖∗𝑝(𝐹) to (𝑝)∕𝑖∗(𝑈𝛼) is locally constant, as desired.
For (2), first note that since colimits in an ∞-topos are van Kampen (Recollection 3.4.1 2), the

natural functor → lim𝛼∈𝐴op ∕𝑈𝛼
is an equivalence. Since the assignment𝛼 ↦ Cons𝑃(∕𝑈𝛼

) is a
diagram of full subcategories of 𝛼 ↦ ∕𝑈𝛼

, we deduce that lim𝛼∈𝐴op Cons𝑃(∕𝑈𝛼
) identifies as the

full subcategory of  spanned by those objects 𝐹 ∈  such that for each 𝛼 ∈ 𝐴, we have 𝑓∗
𝛼(𝐹) ∈

Cons𝑃(∕𝑈𝛼
) (see [23, Proposition 2.1]). By (1), this full subcategory coincides withCons𝑃(). □

Corollary 3.4.6. Let ( , 𝑃) be a stratified ∞-topos and let 𝑈∙ ∶ 𝐴 →  be a diagram with
colim𝛼∈𝐴 𝑈𝛼 ≃ 1 . If for each 𝛼 ∈ 𝐴, the stratified ∞-topos (∕𝑈𝛼

, 𝑃) is exodromic, then the
stratified∞-topos ( , 𝑃) is exodromic and the natural functor

colim
𝛼∈𝐴

Π∞(∕𝑈𝛼
, 𝑃) → Π∞( , 𝑃)

is an equivalence of∞-categories.

Proof. Immediate from Proposition 3.4.2 and Lemma 3.4.5. □

3.5 The Künneth formula

We now prove a Künneth formula for the exit-path∞-category of the product of exodromic strat-
ified ∞-topoi. For this subsection, it may be useful to review Recollection 1.3.3 on products of
∞-topoi and tensor products of presentable∞-categories. One key input is the Künneth formula
in the unstratified setting (Proposition 1.3.19).
We start by noting that the product of stratified ∞-topoi is naturally stratified:

Definition 3.5.1 (stratification of a product). Let 𝑠∗ ∶  → Fun(𝑃, 𝐒𝐩𝐜) and 𝑡∗ ∶  →

Fun(𝑄, 𝐒𝐩𝐜) be stratified∞-topoi. We write ( ⊗  , 𝑃 × 𝑄) for the stratified∞-topos

𝑠∗ ⊗ 𝑡∗ ∶  ⊗  → Fun(𝑃, 𝐒𝐩𝐜) ⊗ Fun(𝑄, 𝐒𝐩𝐜) ≃ Fun(𝑃 × 𝑄, 𝐒𝐩𝐜).

Observation 3.5.2. In the setting of Definition 3.5.1, assume that ( , 𝑃) and ( , 𝑄) are exodromic
stratified∞-topoi. Then:
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54 of 98 HAINE et al.

(1) Since 𝑠∗ and 𝑡∗ preserve limits and colimits,

𝑠∗ ⊗ 𝑡∗ ∶ Fun(𝑃 × 𝑄, 𝐒𝐩𝐜) →  ⊗ 

preserves limits and colimits.
(2) Since the inclusions Cons𝑃() ↪  and Cons𝑄() ↪  are both left and right adjoints, the

induced functor

Cons𝑃() ⊗ Cons𝑄() →  ⊗ 

is fully faithful and both a left and right adjoint.

Lemma 3.5.3. Let ( , 𝑃) and ( , 𝑄) be exodromic stratified∞-topoi. The inclusion

Cons𝑃() ⊗ Cons𝑄() ↪  ⊗ 

factors through Cons𝑃×𝑄( ⊗ ).

Proof. Let (𝑝, 𝑞) ∈ 𝑃 × 𝑄. Note that by the definition of Cons𝑃() ⊗ Cons𝑄(), the composite

(3.5.4)

factors through LC(𝑝) ⊗ LC(𝑞). By Proposition 1.3.19, we have

LC(𝑝) ⊗ LC(𝑞) = LC(𝑝 ⊗ 𝑞)

as full subcategories of 𝑝 ⊗ 𝑞. Hence the functor (3.5.4) factors through LC(𝑝 ⊗ 𝑞), as
desired. □

Proposition 3.5.5 (Künneth formula for exodromic stratified∞-topoi). Let 𝑠∗ ∶  → Fun(𝑃, 𝐒𝐩𝐜)

and 𝑡∗ ∶  → Fun(𝑄, 𝐒𝐩𝐜) be exodromic stratified∞-topoi. If 𝑃 and 𝑄 are Noetherian, then:

(1) The natural fully faithful functor

Cons𝑃() ⊗ Cons𝑄() ↪ Cons𝑃×𝑄( ⊗ )

is an equivalence.
(2) The stratified∞-topos ( ⊗  , 𝑃 × 𝑄) is exodromic and the natural functor

Π∞( ⊗  , 𝑃 × 𝑄) → Π∞( , 𝑃) × Π∞( , 𝑄)

is an equivalence of∞-categories.

Proof. We now proceed by Noetherian induction. First, let us prove that when 𝑄 =∗, the functor
we just constructed

⊠∶ Cons𝑃() ⊗ LC() → Cons𝑃( ⊗ )

 17538424, 2026, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/topo.70091 by U
niversity O

f Southern C
alifornia, W

iley O
nline L

ibrary on [24/07/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



EXODROMY BEYOND CONICALITY 55 of 98

is an equivalence. When 𝑃 =∗, the conclusion follows from Proposition 1.3.19-(3). Otherwise,
notice that Lemma 4.1.10 implies that the question is local on 𝑃. We can therefore reduce our-
selves to prove that ⊠ is an equivalence for posets of the form 𝑃⩾𝑝. In this case, consider the
following diagram:

Since is monodromic, LC() is compactly generated and therefore the top row is a recollement.
By Lemma 3.1.10-(4), the bottom line is also a recollement. The inductive hypothesis guarantees
that the outer vertical functors are equivalences. Therefore, Lemma 4.1.8-(4) implies that the same
goes for the middle one. We now repeat the same argument proceeding by Noetherian induction
on the length of 𝑄 and for arbitrary 𝑃. Reasoning as above, we reduce ourselves to consider the
following diagram:

Once again, since ( , 𝑃) is exodromic, Cons𝑃() is compactly generated and therefore the top
row is a recollement. The same goes for the bottom row. Thus, the conclusion follows from the
previous step, the inductive hypothesis and Lemma 4.1.8-(4).
For (2), note that by Observation 3.5.2, the pullback functor 𝑠∗ ⊗ 𝑡∗ preserves limits and col-

imits. Moreover, by (1), Cons𝑃×𝑄( ⊗ ) is atomically generated and closed under limits and
colimits in  ⊗  . Hence, ( ⊗  , 𝑃 × 𝑄) is exodromic. Finally, the equivalence

Cons𝑃() ⊗ Cons𝑄() ⥲ Cons𝑃×𝑄( ⊗ )

shows that

Π∞( ⊗  , 𝑃 × 𝑄) ⥲ Π∞( , 𝑃) × Π∞( , 𝑄). □

3.6 Stability properties of categorical finiteness and compactness

As we will explain in [22], the compactness of exit-path ∞-categories can be used to prove that
moduli stacks of constructible and perverse sheaves are locally geometric. Hence knowing when
a stratified∞-topos has compact exit-path∞-category is of great utility. To complete this section,
we explain why the classes of exodromic stratified ∞-topoi with finite or compact exit-path ∞-
category are stable under coarsening. In Section 5, we use the results of this subsection to extend
the representability results from [41, §7] beyond the conical situation.
Recall from [41, Definition 2.2.1] the following:
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56 of 98 HAINE et al.

Definition 3.6.1. Let ( , 𝑃) be an exodromic stratified ∞-topos. We say that ( , 𝑃) is:

(1) Categorically finite if Π∞( , 𝑃) is a finite object of 𝐂𝐚𝐭∞. (See Recollection A.3.1.)
(2) Categorically compact if Π∞( , 𝑃) is a compact object of 𝐂𝐚𝐭∞.

Lemma 3.6.2. Let ( , 𝑃) be an exodromic stratified ∞-topos and 𝑆 ⊂ 𝑃 a locally closed subposet.
If ( , 𝑃) is categorically finite (resp., compact), then (𝑆, 𝑆) is categorically finite (resp., compact).

Proof. This is a special case of Proposition A.3.15. □

Lemma 3.6.3. Let ( , 𝑃) be a stratified∞-topos and let𝑈1,… ,𝑈𝑛 ∈  be a finite set of objects such
that the induced map 𝑈1 ⊔ ⋯ ⊔ 𝑈𝑛 → 1 is an effective epimorphism. Assume that for all 1 ⩽ 𝑖1 <

⋯ < 𝑖𝑘 ⩽ 𝑛, the stratified ∞-topos (∕𝑈𝑖1
×⋯×𝑈𝑖𝑘

, 𝑃) is exodromic and is categorically finite (resp.,
compact). Then ( , 𝑃) is exodromic and is categorically finite (resp., compact).

Proof. Immediate from Corollary 3.4.6 and the fact that both finite and compact∞-categories are
closed under finite colimits in 𝐂𝐚𝐭∞. □

Proposition 3.6.4. Let ( , 𝑅) be an exodromic stratified ∞-topos and let 𝜙∶ 𝑅 → 𝑃 be a map
of posets. If ( , 𝑅) is categorically finite (resp., compact), then ( , 𝑃) is categorically finite (resp.,
compact).

Proof. The fact that ( , 𝑃) is exodromic follows from the stability of the class of exodromic
stratified ∞-topoi under coarsening (Theorem 3.3.5-(1)). By Theorem 3.3.5-(2), there is an
equivalence

Π∞( , 𝑃) ≃ Π∞( , 𝑅)[𝑊−1
𝑃 ].

Since Π∞( , 𝑅) is a finite (resp., compact), the claim now follows from Proposition A.3.14. □

4 EXODROMYWITH COEFFICIENTS

This section concerns exodromy with coefficients in ∞-categories other than the ∞-category of
spaces. In Section 4.1, we explain when the exodromy equivalence holds for sheaves with coeffi-
cients in more general presentable∞-categories. In particular, exodromy with coefficients in 𝐒𝐩𝐜

implies exodromy with coefficients in any compactly assembled∞-category; see Corollary 4.1.15.
Section 4.2 treats exodromy with coefficients in the∞-category 𝐏𝐫L of presentable∞-categories;
these results are needed in forthcoming work of Porta and Teyssier [39, 40].

4.1 Exodromy with coefficients in a presentable ∞-category

We are also interested in when the exit-path ∞-category corepresents constructible objects with
coefficients in a presentable ∞-category  . The following slight generalization of the discussion
in [41, §6.1] captures this more general situation.
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EXODROMY BEYOND CONICALITY 57 of 98

Observation 4.1.1. Let ( , 𝑃) be an exodromic stratified ∞-topos and let  be a presentable ∞-
category. Since the∞-category Cons𝑃() is presentable and the inclusion

Cons𝑃() ↪ 

is both a left and a right adjoint, tensoring with  gives a fully faithful functor

⊠∶ Cons𝑃() ⊗  ↪ Sh( ; )

that is both a left and a right adjoint.

Lemma 4.1.2. Let  be a presentable∞-category, and let ( , 𝑃) be an exodromic stratified∞-topos.
Then the functor

factors through Cons𝑃( ; ) ⊂ Sh( ; ).

Proof. The functoriality of the tensor product in 𝐏𝐫L implies that for each 𝑝 ∈ 𝑃, there is a
commutative square

Since the strata of ( , 𝑃) are monodromic (Corollary 3.1.18-(2)), the natural functor

LC(𝑝) ⊗  → LC(𝑝; )

is an equivalence (Recollection 1.3.8). The claim is now immediate. □

4.1.3. In the setting of Lemma 4.1.2, we have a commutative triangle

(4.1.4)

Definition 4.1.5. Let  be a presentable ∞-category and let ( , 𝑃) be a stratified ∞-topos. We
say that ( , 𝑃) is -exodromic if the following conditions are satisfied:

(1) The stratified∞-topos ( , 𝑃) is exodromic.
(2) The functor⊠∶ Cons𝑃() ⊗  ↪ Cons𝑃( ; ) is an equivalence.

We collect some basic properties of -exodromic stratified∞-topoi.
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58 of 98 HAINE et al.

Observation 4.1.6. Let ( , 𝑃) be an exodromic stratified ∞-topos. Since equivalences of ∞-
categories are stable under retracts, the class of presentable ∞-categories  for which ( , 𝑃) is
-exodromic is also stable under retracts.

Lemma4.1.7. Let  be a presentable∞-category and let ( , 𝑃) be a -exodromic stratified∞-topos.
Then the equivalence

⊠∶ Cons𝑃() ⊗  ⥲ Cons𝑃( ; )

induces a canonical equivalence

Fun(Π∞( , 𝑃), ) ≃ Cons𝑃( ; ).

Proof. Indeed, we have the following canonical equivalences:

Cons𝑃() ⊗  ≃ Fun(Π∞( , 𝑃), 𝐒𝐩𝐜) ⊗ 

≃ Fun(Π∞( , 𝑃), ). [HA, Proposition 4.8.1.17]

The conclusion follows. □

We now prove an analogue of Corollary 3.1.18. We first need the following lemma:

Lemma 4.1.8. Let 1 and 2 be∞-categories with finite limits and an inital object. Let

be a commutative diagramwhere each of the horizontal rows exhibits𝑖 as the recollement of𝑖 and
𝑖 .

(1) If 𝐹 is essentially surjective, then 𝐹 and 𝐹 are essentially surjective.
(2) If 𝐹 preserves the initial object, then the right-hand square is horizontally left adjointable. In

this case, if 𝐹 is fully faithful (resp., an equivalence), then the same is true of 𝐹 .
(3) If 𝐹 preserves the terminal object, then the left-hand square is horizontally right adjointable.

In this case, if 𝐹 is fully faithful (resp., an equivalence), then the same is true of 𝐹.
(4) Assume that 𝐹 is left exact. If 𝐹 and 𝐹 are equivalences, then 𝐹 is also an equivalence.

Proof. For (1), we prove that𝐹 is essentially surjective; the proof of the essential surjectivity of𝐹

is identical. Since 𝐹 is essentially surjective, given 𝑢 ∈ 2 there exists 𝑥 ∈ 1 and an equivalence
𝑗2,∗(𝑢) ≃ 𝐹(𝑥). Hence the full faithfulness of 𝑗2,∗ and the commutativity of the right-hand square
show that

𝑢 ≃ 𝑗∗
2𝑗2,∗(𝑢) ≃ 𝑗∗

2 (𝐹(𝑥)) ≃ 𝐹 (𝑗∗
1 (𝑥)).
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EXODROMY BEYOND CONICALITY 59 of 98

We now prove (2); item (3) follows by a dual argument. Consider the exchange transformation

𝛼∶ 𝑗2,!𝐹 → 𝐹𝑗1,!.

Since the bottom line is a recollement, to prove that 𝛼 is an equivalence it suffices to check that
𝑗∗
2
(𝛼) and 𝑖∗

2
(𝛼) are equivalences. We first deal with the former. Since the right-hand square com-

mutes, we have 𝑗∗
2
𝐹𝑗1,! ≃ 𝐹 𝑗∗

1
𝑗1,!, so the conclusion follows from the full faithfulness of both

𝑗1,! and 𝑗2,!. As for 𝑖∗
2
(𝛼), recall that the theory of recollements shows that both 𝑖∗

2
𝑗2,! and 𝑖∗

1
𝑗1,!

are constant with value the initial object. Also, since the left-hand square commutes, we have
𝑖∗
2
𝐹𝑗1,! ≃ 𝐹𝑖∗

1
𝑗1,!. Since 𝐹 preserves the initial object, it follows that both the source and target

of 𝑖∗
2
(𝛼) are constant with value the initial object; hence 𝑖∗

2
(𝛼) is an equivalence.

From the horizontal left adjointability of the right-hand square and the full faithfulness of 𝑗1,!

and 𝑗2,!, it immediately follows that if 𝐹 is fully faithful, then 𝐹 is also fully faithful. Finally, if
𝐹 is an equivalence, then we have just seen that 𝐹 is fully faithful and (1) shows that 𝐹 is also
essentially surjective.
We are left to prove (4). Since𝐹 and𝐹 are equivalences, they preserve both the initial and the

terminal objects. Then (4) follows from the above adjointability statements and [34, Proposition
A.8.14]. □

Proposition 4.1.9. Let ( , 𝑃) be a stratified ∞-topos and let  be a presentable ∞-category. Let
𝑆 ⊂ 𝑃 be a locally closed subposet. If ( , 𝑃) is -exodromic and  is compatible with recollements
(Definition 3.1.4), then (𝑆, 𝑆) is also -exodromic.

Proof. It is enough to prove that if 𝑈 ⊂ 𝑃 is an open subposet with closed complement 𝑍, then
both (𝑈,𝑈) and (𝑍, 𝑍) are -exodromic. First of all, we already know from Corollary 3.1.18 that
these stratified∞-topoi are exodromic. Consider now the following commutative diagram:

Since ( , 𝑃) is -exodromic, themiddle vertical functor is an equivalence.Morever, because ( , 𝑃)

is exodromic, the functor

Cons𝑃() ⊗  → Sh() ⊗  ≃ Sh( ; )

preserves both limits and colimits. Combining Lemma 3.1.7 and Lemma 3.1.10-(4), we see that
the bottom row exhibitsCons𝑃( ; ) as a recollement ofCons𝑈(𝑈; ) andCons𝑍(𝑍; ). On the
other hand, since  is compatible with recollements, the top row is a recollement as well. Clearly,
⊠𝑈 preserves the initial object. On the other hand, since ⊠𝑍 is compatible with the inclusion
into

Sh(𝑍) ⊗  ≃ Sh(𝑍; )

 17538424, 2026, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/topo.70091 by U
niversity O

f Southern C
alifornia, W

iley O
nline L

ibrary on [24/07/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



60 of 98 HAINE et al.

and since the terminal object in Sh(𝑍; ) is 𝑍-constructible thanks to Lemma 3.1.7, we conclude
that ⊠𝑍 preserves the terminal object as well. Thus, Lemma 4.1.8 implies that ⊠𝑈 and ⊠𝑍 are
equivalences. □

To explain why -exodromicity can be checked locally, we need descent for the tensor
decomposition

Cons𝑃() ⊗  ≃ Cons𝑃( ; ).

For this, we make use of the following lemma.

Lemma 4.1.10. Let𝐴 be a small∞-category and let ∙ ∶ 𝐴 → Cat∞ be a diagram of∞-categories.
Assume that for each 𝛼 ∈ 𝐴, the∞-category 𝛼 is presentable and that for each morphism 𝛼 → 𝛽 in
𝐴, the transition functor 𝛼 → 𝛽 is both a left and a right adjoint. Then:

(1) The limits of ∙ when computed in 𝐏𝐫R , 𝐏𝐫L, or Cat∞ all agree.
(2) For any presentable∞-category  , the natural morphism

lim
𝛼∈𝐴

 ⊗ 𝛼 →  ⊗ lim
𝛼∈𝐴

𝛼

in 𝐏𝐫L is an equivalence. (Here, both limits are computed in 𝐏𝐫L.)

Proof. Item (1) follows from the fact that both of the forgetful functors 𝐏𝐫L → Cat∞ and 𝐏𝐫R →

Cat∞ preserve limits [33, Proposition 5.5.3.13 and Theorem 5.5.3.18]. Item (2) follows from (1), the
equivalence 𝐏𝐫R ≃ (𝐏𝐫L)op, and the fact that the functor

 ⊗ (−)∶ 𝐏𝐫R → 𝐏𝐫R

preserves limits [34, Remark 4.8.1.24]. □

Proposition 4.1.11. Let  be a presentable∞-category, let 𝐴 be an∞-category, and let

(∙, 𝑃∙)∶ 𝐴 → 𝐒𝐭𝐫𝐓𝐨𝐩∞

be a diagram of stratified∞-topoi. Let (∞, 𝑃∞) be a cone under (∙, 𝑃∙). Assume that the following
conditions are satisfied:

(1) For each 𝛼 ∈ 𝐴, the stratified∞-topos (𝛼, 𝑃𝛼) is -exodromic.
(2) The natural pullback functors

∞ → lim
𝛼∈𝐴op

𝛼 and Cons𝑃∞
(∞) → lim

𝛼∈𝐴op
Cons𝑃𝛼

(𝛼)

as well as

Cons𝑃∞
(∞; ) → lim

𝛼∈𝐴op
Cons𝑃𝛼

(𝛼; )

are equivalences.
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EXODROMY BEYOND CONICALITY 61 of 98

Then the stratified∞-topos (∞, 𝑃∞) is -exodromic.

Proof. Proposition 3.4.2 implies that ( , 𝑃) is exodromic. Consider the following commutative
square

Since each (𝛼, 𝑃𝛼) is-exodromic, the left vertical functor is an equivalence.Also, by assumption,
the bottom horizontal functor is an equivalence. Thus it suffices to show that the top horizontal
functor is an equivalence. By Lemma 4.1.10, it suffices to show that for every morphism 𝛼 → 𝛽 in
𝐴op, the pullback functor

Cons𝑃𝛼
(𝛼) → Cons𝑃𝛽

(𝛽)

is both a left and a right adjoint. By assumption (𝛽, 𝑃𝛽) and (𝛼, 𝑃𝛼) are exodromic, so this is an
immediate consequence of Theorem 3.2.3. □

Corollary 4.1.12. Let ( , 𝑃) be a stratified ∞-topos and let  be a presentable ∞-category.
Let 𝑈∙ ∶ 𝐴 →  be a diagram with colim𝛼∈𝐴 𝑈𝛼 ≃ 1 . If for each 𝛼 ∈ 𝐴, the stratified ∞-topos
(∕𝑈𝛼

, 𝑃) is -exodromic, then the stratified∞-topos ( , 𝑃) is also -exodromic.

Proof. By Recollection 3.4.1 and Proposition 4.1.11, it suffices to show that the natural pullback
functor

Cons𝑃( ; ) → lim
𝛼∈𝐴op

Cons𝑃(∕𝑈𝛼
; ) (4.1.13)

is an equivalence. Notice that for every map 𝛼 → 𝛽 in 𝐴op, the induced pullback functor

∕𝑈𝛼
→ ∕𝑈𝛽

is both a left and a right adjoint. Therefore, Lemma 4.1.10 implies that the pullback functor

Sh( ; ) → lim
𝛼∈𝐴op

Sh(∕𝑈𝛼
; )

is an equivalence. This immediately implies that (4.1.13) is fully faithful. To conclude, it is enough
to observe that 𝐹 ∈ Sh( ; ) is 𝑃-constructible if and only if for every 𝛼 ∈ 𝐴, the restriction of 𝐹
to ∕𝑈𝛼

is 𝑃-constructible. □

Recollection 4.1.14 (compactly assembled∞-categories). A presentable∞-category  is compactly
assembled if  is a retract in 𝐏𝐫L of a compactly generated∞-category [35, Definition 21.1.2.1 and
Theorem 21.1.2.18]. If  is a presentable stable ∞-category, then  is compactly assembled if and
only if  is dualizable in the symmetric monoidal ∞-category of presentable stable ∞-categories
and left adjoints equipped with the Lurie tensor product [35, Proposition D.7.3.1].
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62 of 98 HAINE et al.

Corollary 4.1.15. Let ( , 𝑃) be an exodromic stratified ∞-topos and let  be a presentable
∞-category. Then:

(1) If  is compactly assembled, then ( , 𝑃) is -exodromic.
(2) If  is stable and 𝑃 is Noetherian, then ( , 𝑃) is -exodromic.

Proof. For (1), note that by Observation 4.1.1, it suffices to prove the claim in the case that  is
compactly generated. In this case, the proof of [27, Theorem B.9] works verbatim.
We now prove (2). For 𝑝 ∈ 𝑃, we write⩾𝑝 for𝑃⩾𝑝

. Since the sets {𝑃⩾𝑝}𝑝∈𝑃 form an open cover
of 𝑃, by Corollary 4.1.12 it suffices to show that for every 𝑝 ∈ 𝑃 the stratified∞-topos (⩾𝑝, 𝑃⩾𝑝) is
-exodromic. We prove this statement by Noetherian induction. When 𝑃 is a single element, the
conclusion follows from Recollection 1.3.8. We are then reduced to showing that if for every 𝑞 > 𝑝

the stratified∞-topos (⩾𝑞, 𝑃⩾𝑞) is -exodromic, then (𝑋⩾𝑝, 𝑃⩾𝑝) is also -exodromic. Note that

𝑃⩾𝑝 ⧵ {𝑝} = 𝑃>𝑝 =
⋃
𝑞>𝑝

𝑃⩾𝑞.

Thus, Corollary 4.1.12 implies that (>𝑝, 𝑃>𝑝) is -exodromic.
Now consider the following diagram:

The inductive hypothesis implies that the exterior vertical functors are equivalences. Since  is
stable, Cons𝑃( ; ) is closed under finite limits in Sh( ; ). Thus, Corollary 3.1.22 implies that
the assumptions of Lemma 3.1.10-(4) are satisfied. It follows that the bottom line is a recollement.
Since  is stable, it is compatible with recollements; therefore, the top line is also a recollement.
Thus, Lemma 4.1.8-(4) implies that the middle functor is an equivalence as well. □

4.2 Exodromy with coefficients in 𝐏𝐫𝐋

Let ( , 𝑃) be an exodromic stratified ∞-topos. Recall that we write Cat∞ for the (very large)
∞-category of large ∞-categories. Working in a sufficiently large Grothendieck universe, Cat∞

is compactly generated. Therefore, combining Lemma 4.1.7 with Corollary 4.1.15, we obtain an
equivalence

Cons𝑃(𝑋;Cat∞) ≃ Fun(Π∞( , 𝑃),Cat∞). (4.2.1)

In many situations it is convenient to replace Cat∞ by 𝐏𝐫L; however, since 𝐏𝐫L is not itself
presentable, one needs some extra care.

Definition 4.2.2. Let ( , 𝑃) be a stratified∞-topos. The∞-category of 𝐏𝐫L-valued sheaves on 

is
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EXODROMY BEYOND CONICALITY 63 of 98

Sh( ; 𝐏𝐫L) ≔ Funlim(op, 𝐏𝐫L).

Observation 4.2.3. Recall from [33, Proposition 5.5.3.13] that the forgetful functor 𝐏𝐫L → Cat∞

preserves limits. Since Sh( ;Cat∞) ≔  ⊗ Cat∞, [34, Proposition 4.8.1.17] supplies a canonical
functor

Sh( ; 𝐏𝐫L) → Sh( ;Cat∞).

Definition 4.2.4. Let ( , 𝑃) be a stratified ∞-topos. The ∞-category of 𝐏𝐫L-valued 𝑃-
constructible sheaves on  is the fiber product

Cons𝑃( ; 𝐏𝐫L) ≔ Sh( ; 𝐏𝐫L) ×
Sh( ;Cat∞)

Cons𝑃( ;Cat∞).

Although the above definition might seem ad hoc (because the restrictions to strata are
computed in Cat∞ rather than in 𝐏𝐫L), it is justified by the following result:

Proposition 4.2.5. Let ( , 𝑃) be an exodromic stratified ∞-topos. Then the equivalence (4.2.1)
induces an adjoint equivalence

Φ∶ Cons𝑃( ; 𝐏𝐫L) ⇆ Fun(Π∞( , 𝑃), 𝐏𝐫L)∶ Ψ.

Proof. Under the identification

Cons𝑃( ;Cat∞) ≃ Cons𝑃() ⊗ Cat∞ ≃ Funlim(Cons𝑃()op,Cat∞) ,

the equivalence (4.2.1) is realized by the functor

Φ∶ Funlim(Cons𝑃()op,Cat∞) → Fun(Π∞( , 𝑃),Cat∞)

given by restriction along the inclusionΠ∞( , 𝑃) ↪ Cons𝑃()op. The inverse ofΦ is the functor

Ψ∶ Fun(Π∞( , 𝑃),Cat∞) → Funlim(Cons𝑃()op,Cat∞)

given by right Kan extension along the same inclusion. Consider the composite

Unraveling the definitions, we see that this functor takes 𝐹 ∈ Cons𝑃( ; 𝐏𝐫L) seen as a
limit-preserving functor

𝐹∶ Cons𝑃()op → 𝐏𝐫L

to the restriction of 𝐹 to Π∞( , 𝑃). In particular, this composite factors through
Fun(Π∞( , 𝑃), 𝐏𝐫L). Committing a slight abuse of notation, we still denote the resulting
functor as
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64 of 98 HAINE et al.

Φ∶ Cons𝑃( ; 𝐏𝐫L) → Fun(Π∞( , 𝑃), 𝐏𝐫L).

Similarly, since the forgetful functor𝐏𝐫L → Cat∞ preserves limits by [33, Proposition 5.5.3.13] we
see that Ψ induces a well defined functor

Ψ∶ Fun(Π∞( , 𝑃), 𝐏𝐫L) → Cons𝑃( ; 𝐏𝐫L).

Since the pair (Φ,Ψ) is an adjoint equivalence and the forgetful functor 𝐏𝐫L → Cat∞ is faithful
and full on equivalences, we deduce that unit and counits at the level ofCat∞ induce a unit and a
counit transformation at the level of𝐏𝐫L, and therefore that they form an adjoint equivalence. □

Corollary 4.2.6. Let 𝑓∗ ∶ ( , 𝑃) → ( , 𝑄) be amorphism of exodromic stratified∞-topoi. Then the
functor

𝑓∗ ∶ Cons𝑄( ;Cat∞) → Cons𝑃( ;Cat∞)

induces a well defined functor

𝑓∗ ∶ Cons𝑄( ; 𝐏𝐫L) → Cons𝑃( ; 𝐏𝐫L)

making the square

commutative.

Proof. Recall from Theorem 3.2.3 that 𝑓∗ is exodromic. Since Cat∞ is compactly generated, it
follows from Corollary 4.1.15 that the diagram

commutes. Since the functor −◦Π∞(𝑓) clearly lifts to a functor

−◦Π∞(𝑓)∶ Fun(Π∞( , 𝑄), 𝐏𝐫L) → Fun(Π∞( , 𝑃), 𝐏𝐫L) ,

it follows from Proposition 4.2.5 that the same is true of 𝑓∗. □

Warning 4.2.7. The use of constructible sheaves in Corollary 4.2.6 is fundamental. For instance,
the functor
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EXODROMY BEYOND CONICALITY 65 of 98

𝑓∗ ∶ Sh( ;Cat∞) → Sh( ;Cat∞)

generally does not carry Sh( ; 𝐏𝐫L) to Sh( ; 𝐏𝐫L).

Notation 4.2.8. Let 𝐏𝐫L,𝜔 ⊂ 𝐏𝐫L for the nonfull subcategory with objects compactly generated
presentable∞-categories and morphisms left adjoints that preserve compact objects.

4.2.9. Recall from [7, Proposition 2.8.4] that 𝐏𝐫L,𝜔 is compactly generated. In particular for
an exodromic stratified ∞-topos ( , 𝑃), Lemma 4.1.7 with Corollary 4.1.15 provide an adjoint
equivalence

Φ(𝜔) ∶ Cons𝑃( ; 𝐏𝐫L,𝜔) ⇆ Fun(Π∞(𝑋, 𝑃), 𝐏𝐫L,𝜔)∶ Ψ(𝜔).

The natural functor 𝐏𝐫L,𝜔 → 𝐏𝐫L induces by composition a map

𝑗 ∶ Fun(Π∞( , 𝑃), 𝐏𝐫L,𝜔) → Fun(Π∞( , 𝑃), 𝐏𝐫L).

However, since the functor 𝐏𝐫L,𝜔 → 𝐏𝐫L does not preserve limits, we do not get an induced
functor

Sh( ; 𝐏𝐫L,𝜔) → Sh( ; 𝐏𝐫L).

On the other hand, we have:

Corollary 4.2.10. There exists a canonical functor

Cons𝑃( ; 𝐏𝐫L,𝜔) → Cons𝑃( ; 𝐏𝐫L)

which makes the square

commute.

Proof. Thanks to Proposition 4.2.5, it is enough to define the left vertical map asΨ𝑋,𝑃◦𝑗◦Φ
(𝜔)
𝑋,𝑃

. □

5 APPLICATIONS AND EXAMPLES

In this section, we apply the stability properties of Section 3 to stratified ∞-topoi arising from
topology. In Section 5.1, we introduce the topological context for our results and state the stabil-
ity theorem in this context (Theorem 5.1.7). Importantly, as a consequence of Theorem 3.0.1 and
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66 of 98 HAINE et al.

the exodromy theorem for conically stratified spaces [41], we deduce that for any stratified space
(𝑋, 𝑃) that locally admits a conical refinement, the stratified ∞-topos (Shhyp(𝑋), 𝑃) is exodromic
(see Proposition 5.2.9).Many examples fall into this framework; see Section 5.3. Of particular inter-
est are stratified spaces coming from subanalytic geometry and real algebraic geometry. Under
mild assumptions, we prove that in these geometric settings, the exit-path∞-categories are finite
(Theorems 5.3.9 and 5.3.13). For use in a future paper, in Section 5.4, given an exodromic strat-
ified ∞-topos ( , 𝑅) and map of posets 𝜙∶ 𝑅 → 𝑃, we provide a recognition criterion for when
𝑅-constructible objects are 𝑃-constructible. In Section 5.5, we conclude by posing some questions
about the relationship between our work and Lurie’s simplicial model for exit-path∞-categories
in the setting of conically refineable stratifications.

5.1 Consequences for stratified topological spaces

To fix a topological context to apply Theorem 3.0.1, we make the following definition.

Definition 5.1.1. Let  be a presentable ∞-category. We say that a stratified topological space
𝑠 ∶ 𝑋 → 𝑃 is -exodromic if the stratified∞-topos

𝑠
hyp
∗ ∶ Shhyp(𝑋) → Fun(𝑃, 𝐒𝐩𝐜)

is -exodromic. In this case, we write

Π∞(𝑋, 𝑃) ≔ Π∞(Shhyp(𝑋), 𝑃).

We also have the topological version of Definition 3.6.1:

Definition 5.1.2. Let (𝑋, 𝑃) be an exodromic stratified space. We say that (𝑋, 𝑃) is:

(1) Categorically finite if Π∞(𝑋, 𝑃) is a finite object of 𝐂𝐚𝐭∞. (See Recollection A.3.1.)
(2) Categorically compact if Π∞(𝑋, 𝑃) is a compact object of 𝐂𝐚𝐭∞.

The following class of presentable ∞-categories is well-behaved from the perspective of
exodromy in topology:

Definition 5.1.3. Let 𝑃 be a poset. We say that a presentable ∞-category  is 𝑃-admissible if for
every conically 𝑃-stratified space (𝑋, 𝑃) the hyperrestriction functors

{
𝑖
∗,hyp
𝑝 ∶ Shhyp(𝑋; ) → Shhyp(𝑋𝑝; )

}
𝑝∈𝑃

are jointly conservative. We say that a presentable∞-category  is admissible if for every poset 𝑃,
the∞-category  is 𝑃-admissible.

Example 5.1.4 ([21, Lemma 5.21]; [20, Lemma 2.12]). Let  be a presentable∞-category.

(1) If  is compactly assembled, then  is admissible.
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EXODROMY BEYOND CONICALITY 67 of 98

(2) If  is stable or an ∞-topos, then for every Noetherian poset 𝑃, the ∞-category  is
𝑃-admissible.

Example 5.1.5 [41, Theorem 5.17 and Remark 5.18]. Let (𝑋, 𝑃) be a conically stratified space
with locally weakly contractible strata and let  be a 𝑃-admissible ∞-category. Then (𝑋, 𝑃) is
-exodromic.

When the strata of (𝑋, 𝑃) are locally weakly contractible, we get a particularly nice description
of the objects of the exit-path∞-category:

Observation 5.1.6 (the objects ofΠ∞(𝑋, 𝑃)). Let (𝑋, 𝑃) be an exodromic stratified space with locally
weakly contractible strata. Combining Example 1.3.9-(1) with Observation 3.1.19, we see that there
is a natural identification

Π∞(𝑋, 𝑃)≃ ≃
∐
𝑝∈𝑃

Π∞(𝑋𝑝)

between the maximal sub-∞-groupoid of Π∞( , 𝑃) and the coproduct of the underlying
homotopy types of the strata of (𝑋, 𝑃).
Hence each point 𝑥 ∈ 𝑋 gives rise to an object [𝑥] ∈ Cons

hyp
𝑃

(𝑋), and every object ofΠ∞(𝑋, 𝑃)

is of this form. Moreover, it follows from the functoriality of the monodromy equivalence that the
functor

Cons
hyp
𝑃

(𝑋) → 𝐒𝐩𝐜

corepresented by [𝑥] is equivalent to the stalk functor 𝑥∗ ∶ Cons
hyp
𝑃

(𝑋) → 𝐒𝐩𝐜. As a consequence,
given a𝑃-hyperconstructible hypersheaf𝐹, everymorphism [𝑥] → [𝑦] gives rise to a specialization
map 𝑥∗𝐹 → 𝑦∗𝐹 on stalks.

The stability theorem for exodromic stratified ∞-topoi has the following topological conse-
quence:

Theorem 5.1.7 (stability properties of exodromic stratified spaces).

(1) Stability under pulling back to locally closed subposets: If (𝑋, 𝑃) is an exodromic stratified
space, then for each locally closed subposet 𝑆 ⊂ 𝑃, the stratified space (𝑋𝑆, 𝑆) is exodromic and
the induced functor

Π∞(𝑋𝑆, 𝑆) → Π∞(𝑋, 𝑃)𝑆

is an equivalence. In particular, the induced functorΠ∞(𝑋, 𝑃) → 𝑃 is conservative.
(2) Stability under coarsening and localization formula: Let (𝑋, 𝑅) be an exodromic stratified

space and let 𝜙∶ 𝑅 → 𝑃 be a map of posets. Then (𝑋, 𝑃) is exodromic and there is a natural
equivalence

Π∞(𝑋, 𝑅)[𝑊−1
𝑃 ] ⥲ Π∞(𝑋, 𝑃).
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68 of 98 HAINE et al.

(3) Functoriality: The exodromy equivalence is functorial in all stratified maps between exodromic
stratified spaces.

(4) van Kampen: Let (𝑋, 𝑃) be a stratified space and let

𝑈∙ ∶ 𝚫
op
inj

→ 𝐓𝐨𝐩∕𝑋

be a semi-simplicial étale hypercovering of 𝑋. If for each 𝑛 ⩾ 0, the stratified space (𝑈𝑛, 𝑃) is
exodromic, then the stratified space (𝑋, 𝑃) is exodromic. Moreover, the natural functor

colim
[𝑛]∈𝚫

op
inj

Π∞(𝑈𝑛, 𝑃) → Π∞(𝑋, 𝑃)

is an equivalence of∞-categories.
(5) Stability of finiteness/compactness: Let (𝑋, 𝑃) be a stratified space.

(a) If (𝑋, 𝑃) is exodromic and categorically finite (resp., compact), then for any locally closed
subposet 𝑆 ⊂ 𝑃, the stratified space (𝑋𝑆, 𝑆) is exodromic and categorically finite (resp.,
compact).

(b) Let𝑈1,… ,𝑈𝑛 be a finite open cover of 𝑋. Assume that each intersection (𝑈𝑖1
∩ ⋯ ∩ 𝑈𝑖𝑘

, 𝑃)

admits an refinement which is exodromic and categorically finite (resp., compact). Then
(𝑋, 𝑃) is exodromic and categorically finite (resp., compact).

Proof. Item (1) is a special case of Corollary 3.1.18, item (2) is a special case of Theorem 3.3.5, item
(3) is a special case of Theorem 3.2.3, item (4) is a special case of Corollary 3.4.6, and item (5)
follows from Lemmas 3.6.2 and 3.6.3 and Proposition 3.6.4. □

Provided𝑋 is also locally weakly contractible, the classifying space of the exit-path∞-category
of (𝑋, 𝑃) coincides with the underlying homotopy type of 𝑋:

Corollary 5.1.8. Let (𝑋, 𝑃) be an exodromic stratified space. If𝑋 is locally weakly contractible, then
the space Env(Π∞(𝑋, 𝑃)) is naturally equivalent to the underlying homotopy type of 𝑋.

Proof. Note that Theorem 5.1.7-(3) shows that there is a natural equivalence

Env(Π∞(𝑋, 𝑃)) ⥲ Π∞(𝑋, ∗)

between the space obtained by inverting all morphisms inΠ∞(𝑋, 𝑃) and the shape of the∞-topos
Shhyp(𝑋). To conclude, recall that since 𝑋 is locally weakly contractible, by Example 1.3.9-(1), the
shape of Shhyp(𝑋) is naturally equivalent to the underlying homotopy type of 𝑋. □

We conclude this subsection with some remarks about the stability theorem.

Remark 5.1.9. Theorem 3.0.1 also applies to other topological contexts. For example, given a topo-
logical space or stack𝑋 stratified by a Noetherian poset 𝑃, Jansen [26–28] and Clausen and Jansen
[14] consider the stratified ∞-topos (Sh(𝑋), 𝑃). Theorem 3.0.1 applies in that setting as well, giv-
ing a variant of Theorem 5.1.7 for sheaves rather than hypersheaves. In that context, many of
these results were already proven by Clausen and Jansen and Jansen; see [14, Proposition 3.6];
[28, Propositions 3.13 and 3.20].
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EXODROMY BEYOND CONICALITY 69 of 98

Remark 5.1.10 (the Künneth formula). Let (𝑋, 𝑃) and (𝑌, 𝑄) be exodromic stratified spaces. The
astute reader may have noticed that, unlike in Theorem 3.0.1, in Theorem 5.1.7 we have not stated
that (𝑋 × 𝑌, 𝑃 × 𝑄) is exodromic. Neither have we stated that there is a Künneth formula

Π∞(𝑋 × 𝑌, 𝑃 × 𝑄) ≃ Π∞(𝑋, 𝑃) × Π∞(𝑌,𝑄).

This is because, in complete generality, we do not know if this is true.
The issue is the following: there are natural colimit-preserving functors

Sh(𝑋) ⊗ Sh(𝑌) → Sh(𝑋 × 𝑌) and Shhyp(𝑋) ⊗ Shhyp(𝑌) → Shhyp(𝑋 × 𝑌) , (5.1.11)

however, in general neither of these functors need be an equivalence. In particular, in the topologi-
cal setting, we do not immediately deduce aKünneth formula fromProposition 3.5.5. Nonetheless,
Künneth formulas still hold in many contexts. For example, if 𝑋 is locally compact Hausdorff,
then the left-hand functor in (5.1.11) is an equivalence [33, Proposition 7.3.1.11]. So if 𝑋 is locally
compact Hausdorff and both Sh(𝑋) and Sh(𝑌) are hypercomplete, then Theorem 3.0.1 implies the
Künneth formula for the exit-path∞-category of (𝑋 × 𝑌, 𝑃 × 𝑄). For another important example,
in Section 5.2 we show that if (𝑋, 𝑃) and (𝑌, 𝑄) locally admit refinements by conical stratifications,
then we have a Künneth formula. See Proposition 5.2.11.

5.2 Locally conically refineable stratifications: formal properties

Recall that if (𝑋, 𝑃) is a conically stratified space, then for any open subset 𝑈 ⊂ 𝑋, the stratified
space (𝑈, 𝑃) is also conically stratified. It is not clear if our definition of an exodromic stratified
space is stable under passage to open subsets (cf. Question 3.0.3). So we introduce the following
strengthening of exodromicity that applies to many examples from geometry.

Definition 5.2.1. Let  be a presentable ∞-category. A stratified space (𝑋, 𝑃) is locally -
exodromic if there exists a basis ⊂ Open(𝑋) such that for each𝑈 ∈ , the stratified space (𝑈, 𝑃)

is -exodromic.

Example 5.2.2. Let (𝑋, 𝑃) be a conically stratified space with locally weakly contractible strata
and let  be a 𝑃-admissible presentable∞-category in the sense of Definition 5.1.3. Then (𝑋, 𝑃) is
locally -exodromic.

In light of Theorem 5.1.7, we have the following stability properties of locally exodromic
stratifications:

Proposition 5.2.3. Let  be a presentable∞-category and (𝑋, 𝑃) a stratified space.

(1) If (𝑋, 𝑃) is locally -exodromic, then (𝑋, 𝑃) is -exodromic.
(2) If there exists an open cover of𝑋 such that for each𝑈 ∈  , the stratified space (𝑈, 𝑃) is locally

-exodromic, then (𝑋, 𝑃) is locally -exodromic.
(3) If (𝑋, 𝑃) is locally -exodromic, then for any open subset 𝑈 ⊂ 𝑋, the stratified space (𝑈, 𝑃) is

locally -exodromic.
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70 of 98 HAINE et al.

(4) Assume that  is compatible with recollements. If (𝑋, 𝑃) is locally -exodromic, then for any
locally closed subposet 𝑆 ⊂ 𝑃, the stratified space (𝑋𝑆, 𝑆) is locally -exodromic.

(5) If (𝑋, 𝑃) is locally-exodromic, then for anymap of posets𝜙∶ 𝑃 → 𝑃′, the stratified space (𝑋, 𝑃′)

is locally -exodromic.

Proof. Item (1) is immediate from the fact that -exodromicity can be checked locally (Corol-
lary 4.1.12). Items (2) and (3) are immediate from the definitions. Item (4) follows from the
definitions and the stability of -exodromicity under pulling back to locally closed subposets
(Proposition 4.1.9). Item (5) follows from the definitions and the stability of -exodromicity under
coarsening (Theorem 5.1.7-(3)). □

For the examples in the rest of this subsection, it is convenient to introduce the following
definition.

Definition 5.2.4. Let 𝑠 ∶ 𝑋 → 𝑃 be a stratified space.

(1) A conical refinement of (𝑋, 𝑃) is the data of a conical stratification 𝑡 ∶ 𝑋 → 𝑅 of 𝑋 with locally
weakly contractible strata and a map of posets 𝜙∶ 𝑅 → 𝑃 such that 𝑠 = 𝜙𝑡. We say that (𝑋, 𝑃)

is conically refineable if there exists a conical refinement of (𝑋, 𝑃).
(2) We say that (𝑋, 𝑃) is locally conically refineable if there exists an open cover of 𝑋 such that

for each 𝑈 ∈  , the stratified space (𝑈, 𝑃) is conically refineable.

First observe that locally conically refineable stratified spaces have locally weakly contractible
strata (hence Observation 5.1.6 applies). In fact, even more is true; we introduce the following
definition to axiomatize the categorical features of the exit-path∞-category of a locally conically
refineable stratified space.

Definition 5.2.5. Wesay that a stratified space (𝑋, 𝑃) is locally cone-like if the following conditions
are satisfied:

(1) The stratified space (𝑋, 𝑃) is locally exodromic.
(2) The strata of 𝑋 are locally weakly contractible.
(3) Every point 𝑥 ∈ 𝑋 admits a fundamental system of open neighborhoods𝑥 such that for each

𝑈 ∈ 𝑥, the object 𝑥 ∈ Π∞(𝑈, 𝑃) is initial.

Lemma 5.2.6. Let (𝑋, 𝑃) be a conically stratified space with locally weakly contractible strata.
Then:

(1) The topological space 𝑋 is locally weakly contractible.
(2) The stratified space (𝑋, 𝑃) is locally cone-like.

Proof. First recall that conically stratified spaces with locally weakly contractible strata are locally
exodromic. We prove both items simultaneously. By [41, Proposition 2.1.18], every point 𝑥 ∈ 𝑋

admits a fundamental system of open neighborhoods𝑥 such that for each𝑈 ∈ 𝑥, the object 𝑥
is initial in Π∞(𝑈, 𝑃). For any such 𝑈, [41, Corollary 6.2.7] provides a canonical equivalence

Π∞(𝑈) ≃ Env(Π∞(𝑈, 𝑃)) ≃∗ ,
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EXODROMY BEYOND CONICALITY 71 of 98

where Π∞(𝑈) denotes the underlying homotopy type of 𝑈. Therefore, each 𝑈 is weakly
contractible, that is, 𝑋 is locally weakly contractible. □

Wenowanalyze the stability properties of the class of locally cone-like stratified spaces. To start,
we need a lemma.

Lemma 5.2.7. Let 𝐿∶  →  be a functor of ∞-categories that exhibits  as the localization of 
at a collection of morphisms. If 𝑐 ∈  is initial, then 𝐿(𝑐) ∈  is initial.

Proof. Recall that for an∞-category  , an object 𝑒 ∈  is initial if and only if the functor 𝑒∶ ∗ → 

that picks out 𝑒 is a limit-cofinal functor. Since 𝐿 is a localization, 𝐿∶  →  is limit-cofinal [5,
Proposition 5.13]. Hence the composite

is limit-cofinal. □

Lemma 5.2.8.

(1) Let (𝑋, 𝑃) be a locally cone-like stratified space. Then for each locally closed subposet 𝑆 ⊂ 𝑃, the
stratified space (𝑋𝑆, 𝑆) is locally cone-like.

(2) Let (𝑋, 𝑅) be a locally cone-like stratified space and 𝜙∶ 𝑅 → 𝑃 is a map of posets. Then the
stratified space (𝑋, 𝑃) is locally cone-like.

(3) If (𝑋, 𝑃) is a stratified space and {𝑈𝛼}𝛼∈𝐴 is an open cover of 𝑋 such that each stratified space
(𝑈𝛼, 𝑃) is locally cone-like, then (𝑋, 𝑃) is locally cone-like.

Proof. For (1), the only nontrivial condition to check is Definition 5.2.5-(3). Let 𝑥 ∈ 𝑋𝑆 and let𝑥

be a fundamental system of open neighborhoods of 𝑥 in 𝑋 such that for each 𝑈 ∈ 𝑥, the object
𝑥 ∈ Π∞(𝑈, 𝑃) is initial. Write

𝑥,𝑆 ≔ { 𝑈𝑆 |𝑈 ∈ 𝑥 }.

Notice that𝑈𝑆 = 𝑈 ∩ 𝑋𝑆 and𝑥,𝑆 is a fundamental system of open neighborhoods of 𝑥 in 𝑋𝑆 . By
Theorem 5.1.7-(2), for each 𝑈 ∈ 𝑥, the natural functor

Π∞(𝑈𝑆, 𝑆) → Π∞(𝑈, 𝑃)

is fully faithful. Since𝑥 ∈ Π∞(𝑈𝑆, 𝑆) and𝑥 is initial in the larger∞-categoryΠ∞(𝑈, 𝑃), we deduce
that 𝑥 is also initial in Π∞(𝑈𝑆, 𝑆).
For (2), again the only nontrivial condition to check is Definition 5.2.5-(3). Let 𝑥 ∈ 𝑋 and let𝑥

be a fundamental system of open neighborhoods of 𝑥 in 𝑋 such that for each 𝑈 ∈ 𝑥, the object
𝑥 ∈ Π∞(𝑈, 𝑅) is initial. Then Lemma 5.2.7 shows that 𝑥 ∈ Π∞(𝑈, 𝑃) is also initial.
Item (3) is immediate from the definitions. □

Now we record the fundamental properties of the class of locally conically refineable stratified
spaces.
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72 of 98 HAINE et al.

Proposition 5.2.9 (properties of locally conically refineable stratified spaces).

(1) Let (𝑋, 𝑃) be a stratified space and let  be an admissible presentable ∞-category. If (𝑋, 𝑃) is
locally conically refineable, then (𝑋, 𝑃) is locally -exodromic.

(2) Let (𝑋, 𝑃) be a locally conically refineable stratified space. Then for each open subspace𝑈 ⊂ 𝑋,
the stratified space (𝑈, 𝑃) is locally conically refineable.

(3) Let (𝑋, 𝑃) be a locally conically refineable stratified space. Then for each locally closed subposet
𝑆 ⊂ 𝑃, the stratified space (𝑋𝑆, 𝑆) is locally conically refineable.

(4) Let (𝑋, 𝑅) be a locally conically refineable stratified space and let 𝜙∶ 𝑅 → 𝑃 be a map of posets.
Then the stratified space (𝑋, 𝑃) is locally conically refineable.

(5) If (𝑋, 𝑃) is a stratified space and {𝑈𝛼}𝛼∈𝐴 is an open cover of 𝑋 such that each stratified space
(𝑈𝛼, 𝑃) is locally conically refineable, then (𝑋, 𝑃) is locally conically refineable.

(6) If (𝑋, 𝑃) is locally conically refineable, then𝑋 is locally weakly contractible. Moreover, the space

Env(Π∞(𝑋, 𝑃))

is naturally equivalent to the underlying homotopy type of 𝑋.
(7) If (𝑋, 𝑃) is a locally conically refineable stratified space, then (𝑋, 𝑃) is locally cone-like.

Proof. Item (1) follows from Proposition 5.2.3 and the fact that conically stratified spaces with
locally weakly contractible strata are -exodromic.
For (2), note that since the statement is local, it suffices to prove the claim when (𝑋, 𝑃) admits

a global conical refinement (𝑋, 𝑅). Now note that since (𝑋, 𝑅) is conically stratified, for any open
subset 𝑈 ⊂ 𝑋, the stratified space (𝑈, 𝑅) is also conical.
For (3), note that since the statement is local, it suffices to prove the claim when (𝑋, 𝑃) admits

a global conical refinement (𝑋, 𝑅). In this case, [41, Lemma 2.1.11] shows that the stratified space
(𝑋𝑆, 𝑅𝑆) is conical with locally weakly contractible strata. To conclude, note that (𝑋𝑆, 𝑅𝑆) is a
refinement of (𝑋𝑆, 𝑆).
Items (4) and (5) are immediate from the definitions. For (6), note that by Lemma 5.2.6-(1),

𝑋 admits an open cover by locally weakly contractible topological spaces. Hence the claim is a
special case of Corollary 5.1.8. Item (7) follows from the fact that conically stratified spaces are
locally cone-like (Lemma 5.2.6-(2)) and the stability properties of locally cone-like stratified spaces
(Lemma 5.2.8). □

We conclude this subsection with a Künneth formula for the exit-path∞-category of a product
of locally conically refineable stratified spaces. Due to the issues mentioned in Remark 5.1.10, our
proof does not rely on the Künneth formula for exodromic stratified ∞-topoi (Proposition 3.5.5).
Instead, wemake use of the localization formula for the exit-path∞-category of a coarsening and
the following lemma.

Lemma 5.2.10. Let 1 and 2 be ∞-categories and let 𝑊𝑖 ⊂ Mor(𝑖) be collections of morphisms.
Then the natural functor

(1 × 2)[(𝑊1 × 𝑊2)
−1] → 1[𝑊

−1
1 ] × 2[𝑊

−1
2 ]

is an equivalence.

Proof. This is an immediate consequence of [36, Tag 02LV]. □
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EXODROMY BEYOND CONICALITY 73 of 98

Proposition 5.2.11 (Künneth formula for locally conically refineable stratifications). Let (𝑋, 𝑃)

and (𝑌, 𝑄) be locally conically refineable stratified spaces. Then:

(1) The product stratified space (𝑋 × 𝑌, 𝑃 × 𝑄) is locally conically refineable.
(2) The natural functor

Π∞(𝑋 × 𝑌, 𝑃 × 𝑄) → Π∞(𝑋, 𝑃) × Π∞(𝑌,𝑄)

is an equivalence of∞-categories.
(3) The natural functor

⊠∶ Cons
hyp
𝑃

(𝑋) ⊗ Cons
hyp
𝑄

(𝑌) → Cons
hyp
𝑃×𝑄

(𝑋 × 𝑌)

is an equivalence of∞-categories.

Proof. Item (1) is immediate from the definitions and the fact that a product of conically stratified
spaces is still conically stratified.
For (2), let

𝑈∙ ∶ 𝚫
op
inj

→ 𝐓𝐨𝐩∕𝑋 and 𝑉∙ ∶ 𝚫
op
inj

→ 𝐓𝐨𝐩∕𝑌

be open semi-simplicial hypercoverings of𝑋 and𝑌 respectively, such that for each 𝑛 ⩾ 0 the strat-
ified spaces (𝑈𝑛, 𝑃) and (𝑉𝑛, 𝑄) are conically refineable. Since 𝚫inj is sifted, 𝚫inj-indexed colimits
commute with finite products in 𝐂𝐚𝐭∞; hence Theorem 5.1.7-(4) shows that the natural functor

colim
[𝑛]∈𝚫inj

Π∞(𝑈𝑛, 𝑃) × Π∞(𝑉𝑛, 𝑄) → Π∞(𝑋 × 𝑌, 𝑃 × 𝑄)

is an equivalence. We can therefore assume that (𝑋, 𝑃) and (𝑌, 𝑄) are (globally) conically refine-
able.
Let (𝑋, 𝑃′) and (𝑌, 𝑄′) be conical refinements of (𝑋, 𝑃) and (𝑌, 𝑄), respectively. Then (𝑋 ×

𝑌, 𝑃′ × 𝑄′) is conical and thus it is a conical refinement of (𝑋 × 𝑌, 𝑃 × 𝑄). It follows from [41,
Theorem 5.4.1] and the explicit geometrical definition of the exit-path∞-category that the natural
functor

Π∞(𝑋 × 𝑌, 𝑃′ × 𝑄′) → Π∞(𝑋, 𝑃′) × Π∞(𝑌,𝑄′)

is an equivalence. Unraveling the definitions, we see that 𝑊𝑃×𝑄 = 𝑊𝑃 × 𝑊𝑄 as a collection of
morphisms in Π∞(𝑋, 𝑃′) × Π∞(𝑌,𝑄′). The conclusion now follows from Lemma 5.2.10.
Item (3) is immediate from (2) and the fact that the functor Fun(−, 𝐒𝐩𝐜) carries products of

∞-categories to tensor products in 𝐏𝐫L. □

5.3 Locally conically refineable stratifications: examples

We give some examples of locally conically refineable (hence locally exodromic) stratifications.
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74 of 98 HAINE et al.

Notation 5.3.1 (simplicial complexes). Let (𝑉, 𝑆) be a simplicial complex, and regard 𝑆 as a poset
ordered by inclusion. Write Δ(𝑉,𝑆) for the geometric realization of (𝑉, 𝑆). There is a natural
stratification Δ(𝑉,𝑆) → 𝑆 with locally contractible strata; see [34, Definition A.6.7].

Example 5.3.2. Let (𝑉, 𝑆) be a locally finite simplicial complex and let  be an admissible pre-
sentable∞-category. Then the natural stratification Δ(𝑉,𝑆) → 𝑆 is conical [34, Proposition A.6.8].
Moreover, [34, Theorem A.6.10] shows that

Π∞(Δ(𝑉,𝑆), 𝑆) ≃ 𝑆. (5.3.3)

By Proposition 5.2.9, we see that for any map of posets 𝑆 → 𝑃, the stratified space (Δ(𝑉,𝑆), 𝑃)

is locally -exodromic. That is, any stratified space admitting a refinement by a locally finite
triangulation is locally -exodromic.

Observation 5.3.4. In light of (5.3.3), given a locally finite simplicial complex (𝑉, 𝑆), the stratified
space (Δ(𝑉,𝑆), 𝑆) is categorically finite if and only if the set 𝑆 is finite.

Example 5.3.5. The tree stratification of a finite simplicial complex considered by Favero and
Huang [16, §4.4] is conically refineable, hence locally exodromic. Moreover, Theorem 5.1.7-(6)
and Observation 5.3.4 show that the tree stratification is categorically finite.

One source of locally exodromic stratifications comes from subanalytic stratifications of real
analytic spaces. Recall that subanalytic stratifications need not be conical; see Figure 1.

Definition 5.3.6. Let 𝑋 be a topological space. We say that a stratification 𝑋 → 𝑃 is locally finite
if for every point 𝑥 ∈ 𝑋, there is an open neighborhood𝑈 of 𝑥 such that𝑈 intersects only finitely
many strata of (𝑋, 𝑃).

Definition 5.3.7. A subanalytic stratified space is the data of a triple (𝑀,𝑋, 𝑃) where 𝑀 is a
smooth real analytic space, 𝑋 ⊂ 𝑀 is a locally closed subanalytic subset, and 𝑋 → 𝑃 is a locally
finite stratification by subanalytic subsets of𝑀.

Subanalytic stratified spaces provide many examples of (locally) categorically finite stratified
spaces:

Definition 5.3.8. Let (𝑋, 𝑃) be a locally exodromic stratified space. We say that (𝑋, 𝑃) is locally
categorically finite (resp., compact) if there exists an open cover such that for each 𝑈 ∈  , the
exodromic stratified space (𝑈, 𝑃) is categorically finite (resp., compact).

Theorem 5.3.9. Let (𝑀,𝑋, 𝑃) be a subanalytic stratified space. Then:

(1) The stratified space (𝑋, 𝑃) admits a refinement by a locally finite triangulation.
(2) For any admissible∞-category  , the stratified space (𝑋, 𝑃) is locally -exodromic.
(3) If 𝑋 is compact, then (𝑋, 𝑃) admits a refinement by a finite triangulation. Hence (𝑋, 𝑃) is

categorically finite.
(4) The stratified space (𝑋, 𝑃) is locally categorically finite.
(5) If𝑈 ⋐ 𝑋 is a relatively compact subanalytic open subset, then (𝑈, 𝑃) is categorically finite.
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EXODROMY BEYOND CONICALITY 75 of 98

Proof. Item (1) follows from [18, §1.7] combined with [17]. Item (2) follows from (1) and Proposi-
tion 5.2.9. For (3), note that by (1), the stratified space (𝑋, 𝑃) admits a triangulation by a locally
finite simplicial complex (Δ(𝑉,𝑆), 𝑆). Since 𝑋 is compact, the poset 𝑆 is finite. The final statement
in (3) follows from Theorem 5.1.7-(6) and Observation 5.3.4.
Now we prove (4). At the cost of shrinking𝑀, we can assume that 𝑋 is closed in𝑀. Let 𝑥 ∈ 𝑋

and let 𝐵 ⊂ 𝑀 be a small ball centered at 𝑥 such that 𝑋 ∩ 𝐵 intersects only finitely many strata.
We claim that (𝑋 ∩ 𝐵, 𝑃) is categorically finite. Note that since𝑋 ∩ 𝐵 intersects only finitely many
strata, we may assume that 𝑃 is finite. Extend 𝑋 ∩ 𝐵 → 𝑃 to a finite stratification 𝐵 → 𝑃▹ sending
𝐵 ⧵ (𝑋 ∩ 𝐵) to the terminal object of 𝑃▹. Since 𝑃 is closed in 𝑃▹, Theorem 5.1.7-(6) reduces the
claim to the case where 𝑋 = 𝐵. We thus need to show that (𝐵, 𝑃▹) is categorically finite. Write
𝑄 ≔ 𝑃▹ and extend 𝐵 → 𝑄 to a finite stratification 𝐵 → 𝑄◃ by sending 𝜕𝐵 to the initial object
of 𝑄◃. Recall that subanalytic subsets are closed under finite intersections, closures, and com-
plements; as a consequence, the stratification (𝐵, 𝑄◃) is also subanalytic. Since 𝑄 is open in 𝑄◃,
Theorem 5.1.7-(6) reduces the claim to the case where 𝑋 = 𝐵. An application of (3) now shows
that (𝐵, 𝑄◃) is categorically finite.
Finally, we prove (5). The closure 𝑈 is again a subanalytic set (see, e.g., the discussion follow-

ing [9, Definition 3.1]), and it is compact by assumption. In particular, it intersects only finitely
many strata. As before, we can thus assume that 𝑃 is finite. Extend𝑈 → 𝑃 to a finite stratification
𝑈 → 𝑃◃ sending the boundary 𝜕𝑈 ≔ 𝑈 ⧵ 𝑈 to the initial object of 𝑃◃. Then 𝑃 is open in 𝑃◃, so
Theorem 5.1.7-(6) reduces us to verify that (𝑈, 𝑃) is categorically finite, and this follows directly
from (3). □

Example 5.3.10. The Bondal–Ruan stratification of the 𝑛-torus considered by Favero and
Huang [10]; [16, §5.2] is subanalytic, hence locally exodromic, categorically finite, and locally
categorically finite.

Stratifications of real algebraic varieties are especially well-behaved:

Definition 5.3.11. An algebraic stratified space is the data of a stratified space (𝑋, 𝑃) where 𝑋

is (the real points of) an algebraic variety over 𝐑 and 𝑋 → 𝑃 is a finite stratification by Zariski
locally closed subsets.

Warning 5.3.12. Unlike a subanalytic stratified space, an algebraic stratified space (𝑋, 𝑃) is not
presented as a subspace of a smooth algebraic variety. Note that if𝑋 is singular, such a presentation
may not exist.

Theorem 5.3.13. Let (𝑋, 𝑃) be an algebraic stratified space. Then:

(1) If 𝑋 is affine, (𝑋, 𝑃) admits a categorically finite conical refinement (𝑋, 𝑅) with 𝑅 finite. Hence
(𝑋, 𝑃) is categorically finite.

(2) The stratified space (𝑋, 𝑃) is locally conically refineable.
(3) For any admissible ∞-category  , the stratified space (𝑋, 𝑃) is locally -exodromic and locally

categorically finite.
(4) The stratified space (𝑋, 𝑃) is categorically finite.

Proof. For (1), let us view 𝑋 as a closed subset of 𝐀𝑛. Let 𝑋 be the closure of 𝑋 in 𝐏𝑛. Define
𝑄 ≔ (𝑃▹)◃ and let us extend 𝑋 → 𝑃 as a stratification 𝐏𝑛 → 𝑄 by sending 𝑋 ⧵ 𝑋 to the initial
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76 of 98 HAINE et al.

object of𝑄 and𝐏𝑛 ⧵ 𝑋 to the terminal object of𝑄. Then, (𝐏𝑛, 𝑄) is a compact subanalytic stratified
space. By Theorem 5.3.9-(3), (𝐏𝑛, 𝑄) admits a refinement 𝑄′ → 𝑄 by a finite triangulation. Thus,
(𝐏𝑛, 𝑄′) is conically stratified with locally weakly contractible strata. Moreover, Observation 5.3.4
shows that (𝐏𝑛, 𝑄′) is categorically finite. Since 𝑃 ⊂ 𝑄 is locally closed, (𝑋, 𝑄′

𝑃
) is also conically

stratified with locally weakly contractible strata. Moreover, Proposition A.3.15 shows that (𝑋, 𝑄′
𝑃
)

is categorically finite. Finally, since 𝑄 is finite, so is 𝑄′
𝑃
.

Item (2) is an immediate consequence of (1). Item (3) follows from (1) and Proposition 5.2.9.
Since 𝑋 admits a finite cover by affine subsets whose iterated intersections are again affine, (4)
follows from (1) and Theorem 5.1.7-(6). □

5.4 A criterion for constructibility with respect to a coarsening

Let (𝑋, 𝑅) be an exodromic stratified space with locally weakly contractible strata and let 𝜙∶ 𝑅 →

𝑃 be a map of posets. It is often useful to have a geometric recognition criterion for when an 𝑅-
hyperconstructible hypersheaf is 𝑃-hyperconstructible. The goal of this subsection is to explain
such a criterion: an 𝑅-hyperconstructible hypersheaf 𝐹 on 𝑋 is 𝑃-hyperconstructible if and only
if for each morphism 𝛾∶ 𝑥 → 𝑦 in the exit-path∞-categoryΠ∞(𝑋, 𝑅) that lies in a single stratum
of the coarser stratification (𝑋, 𝑃), the induced specialization map on stalks

𝑦∗𝐹 → 𝑥∗𝐹

is an equivalence.† This criterion is an easy consequence of the exodromy equivalence and
localization formula for the exit-path∞-category of a coarsening.

Notation 5.4.1 (cospecialization maps). Let  be a presentable ∞-category and let ( , 𝑅) be an
-exodromic stratified∞-topos.

(1) Write

[−]∶ Π∞( , 𝑅)op ↪ Cons𝑅() , 𝑥 ↦ [𝑥]

for the inclusion of the subcategory of atomic objects. For each 𝐸 ∈  and 𝑥 ∈ Π∞( , 𝑅), we
write [𝑥] ⊗ 𝐸 for the canonical object in

Cons𝑅() ⊗  ⥲ Cons𝑅( ; ).

(2) Given a morphism 𝛾∶ 𝑥 → 𝑦 in Π∞( , 𝑅), we write

cosp
𝛾
𝑅
≔ [𝛾]∶ [𝑦] → [𝑥]

for the corresponding morphism in Cons𝑅(). We refer to cosp
𝛾
𝑅
as the cospecialization

map associated to 𝛾. Again, for general  and for each 𝐸 ∈  , we write cosp
𝛾
𝑅

⊗ id𝐸 for the
corresponding morphism in Cons𝑅( ; ).

†We do not make use of this result in the present paper, but need it in future work.
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EXODROMY BEYOND CONICALITY 77 of 98

Observation 5.4.2 (specialization maps). Let (𝑋, 𝑅) be an exodromic stratified space with locally
weakly contractible strata. In light of Observation 5.1.6, given a 𝑅-hyperconstructible hypersheaf
𝐹 and a morphism 𝛾∶ 𝑥 → 𝑦 in Π∞(𝑋, 𝑅), applyingMap(−, 𝐹) to the cospecialization map

cosp
𝛾
𝑅
∶ [𝑦] → [𝑥]

yields a specialization map 𝑥∗𝐹 → 𝑦∗𝐹 on stalks.

Recollection 5.4.3. Let 0 be a small ∞-category and let 𝑊 ⊂ Mor(0) be a class of morphisms.
Write 𝐿∶ 0 → 0[𝑊

−1] for the localization functor. Then, by the definition of localization, the
induced pullback functor

𝐿∗ ∶ PSh(0[𝑊
−1]) → PSh(0)

is fully faithful with image those 𝐹∶ 
op
0

→ 𝐒𝐩𝐜 that carry morphisms in𝑊 to equivalences.

Proposition 5.4.4. Let 0 be a small ∞-category, 𝑊 ⊂ Mor(0) a class of morphisms, and  a
presentable∞-category. Write 𝐿∶ 0 → 0[𝑊

−1] for the localization functor. Then:

(1) Let 𝐹 ∈ PSh(0; ) and let 𝑓 be a morphism in 0. Then the full subcategory of  spanned by
those objects 𝐸 ∈  such that 𝐹 is -local is closed under colimits and retracts.

(2) An object 𝐹 ∈ PSh(0; ) is in the image of the fully faithful pullback functor

𝐿∗ ∶ PSh(0[𝑊
−1]; ) ↪ PSh(0; )

if and only if for each 𝑤 ∈ 𝑊 and 𝐸 ∈  , the object 𝐹 is -local.

Proof. Immediate from Recollection 5.4.3 and the definitions. □

Corollary 5.4.5. Let  be a presentable∞-category, let ( , 𝑅) be an -exodromic stratified∞-topos,
let𝜙∶ 𝑅 → 𝑃 be amapof posets, let𝐹 ∈ Cons𝑅( ; ), and let 𝛾∶ 𝑥 → 𝑦 be amorphism inΠ∞( , 𝑅).
Then:

(1) The full subcategory of  spanned by those objects 𝐸 ∈  such that 𝐹 is (cosp
𝛾
𝑅

⊗ id𝐸)-local is
closed under colimits and retracts.

(2) The 𝑅-constructible object 𝐹 is 𝑃-constructible if and only if for each 𝛾 ∈ 𝑊𝑃 and 𝐸 ∈  , the
object 𝐹 is cosp

𝛾
𝑅

⊗ id𝐸-local.

Proof. In light of the exodromy equivalence and the localization formula for the exit-path ∞-
category of a coarsening (Theorem 3.3.5), this result is a special case of Proposition 5.4.4. □

5.5 Relationship to Lurie’s simplicial model for exit-paths

We conclude with some remarks and questions regarding the relationship between the exit-
path ∞-category in the conically refineable setting and Lurie’s simplicial model for exit-paths
Sing(𝑋, 𝑅). See [34, Definition A.6.2]; [41, §2] for background on the simplicial model.
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78 of 98 HAINE et al.

Recollection 5.5.1. Let (𝑋, 𝑅) be a conically stratified space with locally weakly contractible strata.
Then Lurie’s exit-path simplicial set Sing(𝑋, 𝑅) is an ∞-category [34, Theorem A.6.4]. Moreover,
(𝑋, 𝑅) is exodromic in the sense of Definition 5.1.1 and [41, Theorem 5.4.1] implies that there is an
equivalence of∞-categories

Π∞(𝑋, 𝑅) ≃ Sing(𝑋, 𝑅).

That is, [41, Theorem 5.4.1] provides an explicit simplicial model for the exit-path∞-category.

Observation 5.5.2. Let (𝑋, 𝑅) be a conically stratified space with locally weakly contractible strata
and let 𝜙∶ 𝑅 → 𝑃 be a map of posets. In general, the exit-path simplicial set Sing(𝑋, 𝑃) need not
be an ∞-category. Write S̃ing(𝑋, 𝑃) for the fibrant replacement of Sing(𝑋, 𝑃) in the Joyal model
structure on simplicial sets over (the nerve of) 𝑃. By construction, the composite

carries all morphisms in 𝑊𝑃 to equivalences. By Theorem 5.1.7 and the universal property of the
localization, this induces a functor

Moreover, [19, Lemma 2.5.2] and Theorem 5.1.7-(2) imply that for each 𝑝 ∈ 𝑃, the induced map
on strata

Π∞(𝑋, 𝑃) ×𝑃 {𝑝} → S̃ing(𝑋, 𝑃) ×𝑃 {𝑝}

is an equivalence of∞-groupoids.

5.5.3. Note that if the functor Π∞(𝑋, 𝑃) → S̃ing(𝑋, 𝑃) is an equivalence of ∞-categories, then
Proposition 5.2.9 implies that there is an equivalence of∞-categories

Cons
hyp
𝑃

(𝑋) ≃ Fun(Sing(𝑋, 𝑃), 𝐒𝐩𝐜).

That is, even though Lurie’s exit-path simplicial set Sing(𝑋, 𝑃) may not be an ∞-category,
Sing(𝑋, 𝑃) still corepresents hyperconstructible hypersheaves.

Question 5.5.4. In the setting of Observation 5.5.2, is the functor

Π∞(𝑋, 𝑃) → S̃ing(𝑋, 𝑃)

an equivalence of ∞-categories? If not, what are some mild conditions on the stratified space
(𝑋, 𝑃) that guarantee that this functor is an equivalence?

APPENDIX A: INVERTING ARROWS OVER A POSET
Let 𝑃 be a poset. In Theorem 3.0.1, we are interested in the following situation: we have an ∞-
category  and functor 𝐹∶  → 𝑃, and we want to form the localization of  at the set 𝑊𝑃 of
morphisms that 𝐹 carries to identities in 𝑃. There are two goals of this appendix. First, we show
that for each 𝑝 ∈ 𝑃, the fiber of [𝑊−1

𝑃
] over 𝑝 coincides with the classifying space of the fiber

 ×𝑃 {𝑝}; see Proposition A.2.2. From this we deduce that the natural functor [𝑊−1
𝑃

] → 𝑃 is
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EXODROMY BEYOND CONICALITY 79 of 98

conservative and that [𝑊−1
𝑃

] is idempotent complete. Second, we show that if  is finite (resp.,
compact), then the localization [𝑊−1

𝑃
] is also finite (resp., compact). See Proposition A.3.14.

In Section A.1, we review some basic facts about ∞-categories with a conservative functor
to a poset. Section A.2 proves structural results about the localization [𝑊−1

𝑃
]. In Section A.3,

we explain various characterizations of finiteness and compactness in the ∞-category of ∞-
categories with a conservative functor to the poset 𝑃. We use these characterizations to prove
stability properties of finite and compact∞-categories over 𝑃.

A.1 Layered∞-categories
We start by collecting background material about the types of∞-categories that arise as exit-path
∞-categories of stratified spaces.
Recollection A.1.1. Let 𝐹∶  → 𝑃 be a functor from an ∞-category to a poset. The following are
equivalent:

(1) The functor 𝐹∶  → 𝑃 is conservative.
(2) For each 𝑝 ∈ 𝑃, the fiber  ×𝑃 {𝑝} is an ∞-groupoid.

Recollection A.1.2. Let  be an∞-category. The following are equivalent:

(1) There exists a poset 𝑃 and a conservative functor  → 𝑃.
(2) For each 𝑥 ∈ , every endomorphism 𝑥 → 𝑥 is an equivalence.

If these equivalent conditions are satisfied, we say that  is a layered∞-category. By the stratified
homotopy hypothesis, an ∞-category  is layered if and only if  is equivalent to the exit-path
∞-category of a stratified space; see [19, Theorem 0.1.1] for a precise formulation of this result.

An important fact is that layered ∞-categories are idempotent complete. For this, recall
Notation 3.3.6.

Lemma A.1.3. Let  be layered∞-category. Then:

(1) If 𝑒∶ 𝑥 → 𝑥 is a morphism in  such that there exists an equivalence 𝑒2 ≃ 𝑒, then 𝑒 ≃ id𝑥 .
(2) The∞-category  is idempotent complete.

Proof. For (1), note that since  is layered, the morphism 𝑒 is an equivalence. Since 𝑒2 ≃ 𝑒, the fact
that 𝑒 is invertible implies that 𝑒 ≃ id𝑥. For (2), observe that since  is layered, every idempotent
𝑒∶ 𝐈𝐝𝐞𝐦 →  factors through the maximal sub-∞-groupoid ≃ of . Hence 𝑒 descends to a func-
tor Env(𝐈𝐝𝐞𝐦) → ≃. Since Env(𝐈𝐝𝐞𝐦) is contractible [33, Lemma 4.4.5.10], we conclude that 𝑒
splits. □

We conclude this subsection by recalling an alternative description of ∞-categories with a
conservative functor to a fixed poset in terms of links.

Notation A.1.4. Let 𝑃 be a poset and write 𝐂𝐚𝐭cons
∞,∕𝑃

⊂ 𝐂𝐚𝐭∞,∕𝑃 for the full subcategory spanned
by those objects such that the specified functor  → 𝑃 is conservative.

Recollection A.1.5. Let 𝑃 be a poset. Write sd(𝑃) for the poset of nonempty linearly ordered finite
subsets of 𝑃, ordered by inclusion. The poset sd(𝑃) is referred to as the subdivision of 𝑃. Consider
the nerve functor
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80 of 98 HAINE et al.

N𝑃 ∶ 𝐂𝐚𝐭∞,∕𝑃 → Fun(sd(𝑃)op, 𝐒𝐩𝐜)

[ → 𝑃] ⟼
[
{𝑝0 < ⋯ < 𝑝𝑛} ↦ Map𝐂𝐚𝐭∞,∕𝑃

({𝑝0 < ⋯ < 𝑝𝑛},)
]
.

The spaces N𝑃()({𝑝0 < ⋯ < 𝑝𝑛}) are called the 𝑛-links of .
Barwick et al. proved that the restriction N𝑃 ∶ 𝐂𝐚𝐭cons

∞,∕𝑃
→ Fun(sd(𝑃)op, 𝐒𝐩𝐜) to ∞-categories

with a conservative functor to𝑃 is a fully faithful right adjoint.Moreover, they identified the image
as the full subcategory spanned by those𝑋∶ sd(𝑃)op → 𝐒𝐩𝐜 such that for every nonempty linearly
ordered finite subset {𝑝0 < ⋯ < 𝑝𝑛} ⊂ 𝑃, the natural map

𝑋{𝑝0 < ⋯ < 𝑝𝑛} → 𝑋{𝑝0 < 𝑝1} ×
𝑋{𝑝1}

𝑋{𝑝1 < 𝑝2} ×
𝑋{𝑝2}

⋯ ×
𝑋{𝑝𝑛−1}

𝑋{𝑝𝑛−1 < 𝑝𝑛}

is an equivalence. See [8, Theorem 2.7.4]. Note that this characterization implies the functors
𝐂𝐚𝐭cons

∞,∕𝑃
→ 𝐒𝐩𝐜 given taking 0-links and 1-links are jointly conservative.

A.2 Strata of localizations
The purpose of this subsection is to prove a fundamental proposition about the types of
localizations that appear in Theorem 3.0.1-(3). To state it, we need to fix some notation.
Notation A.2.1. Let 𝐹∶  → 𝑃 be a functor from an∞-category to a poset.

(1) Given a subposet 𝑆 ⊂ 𝑃, we write 𝐹𝑆 ∶ 𝑆 → 𝑆 for the basechange of 𝐹∶  → 𝑃 to 𝑆.
(2) We write 𝑊𝑃 ⊂ Mor() for the set of morphisms in  that 𝐹 sends to equivalences (i.e.,

identities) in 𝑃.

By construction, functor 𝐹 uniquely extends to a functor [𝑊−1
𝑃

] → 𝑃.

Proposition A.2.2. Let 𝐹∶  → 𝑃 be a functor between∞-categories where 𝑃 is a poset. Then:

(1) For each locally closed subposet 𝑆 ⊂ 𝑃, the induced functor 𝑆[𝑊
−1
𝑆

] → [𝑊−1
𝑃

]𝑆 is an
equivalence.

(2) The induced functor [𝑊−1
𝑃

] → 𝑃 is conservative. In particular, the ∞-category [𝑊−1
𝑃

] is
idempotent complete.

Since localizations do not generally commute with pullbacks, Proposition A.2.2 is not
completely formal. To prove PropositionA.2.2, we recall the following description of localizations.

Recollection A.2.3 (localizations as pushouts). Let  be an ∞-category and let 𝑊 ⊂ Mor() be a
class of morphisms. The localization [𝑊−1] can be defined as the pushout

Here, the top horizontal functor is induced by the functors [1] →  that pick out each morphism
𝑤 ∈ 𝑊.
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EXODROMY BEYOND CONICALITY 81 of 98

Hence Proposition A.2.2 amounts to commuting the pullback 𝑆 ×𝑃 (−) past the pushout
defining the localization [𝑊−1

𝑃
]. To explain why we can do this, we recall some categorical

notions.

Recollection A.2.4. A functor 𝐹∶  →  is an exponentiable fibration if the right adjoint pullback
functor

 × (−)∶ 𝐂𝐚𝐭∞,∕ → 𝐂𝐚𝐭∞,∕

is also a left adjoint. Note that the class of exponentiable fibrations is closed under basechange.

Example A.2.5 [5, Lemma 2.15]. Cartesian and cocartesian fibrations are exponentiable
fibrations. In particular, right and left fibrations are exponentiable fibrations.
Recall that for any∞-category , the unique functor  → ∗ is both a cartesian and a cocartesian

fibration. In this case, the right adjoint to  × (−)∶ 𝐂𝐚𝐭∞ → 𝐂𝐚𝐭∞,∕ is given by sending  → 

to the∞-category of sections Fun∕(,).

Lemma A.2.6. Let 𝑃 be a poset.

(1) If𝑈 ⊂ 𝑃 is an open subposet, then the inclusion𝑈 ↪ 𝑃 is a left fibration.
(2) If 𝑍 ⊂ 𝑃 is a closed subposet, then the inclusion 𝑍 ↪ 𝑃 is a right fibration.
(3) If 𝑆 ⊂ 𝑃 is a locally closed subposet, then the inclusion 𝑆 ↪ 𝑃 is an exponentiable fibration.

Proof. For (1), first observe that the inclusion {1} ↪ {0 < 1} is a left fibration. Let𝜒𝑈 ∶ 𝑃 → {0 < 1}
be the map sending 𝑈 to 1 and 𝑃 ⧵ 𝑈 to 0. Then we have a pullback square

The claim now follows from the fact that the class of left fibrations is closed under basechange.
Item (2) follows from (1) by passing to the opposite posets. Item (3) follows from (1), (2),

Example A.2.5, and the fact that exponentiable fibrations are closed under composition. □

Proof of Proposition A.2.2. For (1), consider the commutative diagram
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82 of 98 HAINE et al.

Notice that by Recollection A.2.3, the bottom face is a pushout. Moreover, all of the vertical faces
are pullbacks. Since the inclusion 𝑆 ↪ 𝑃 is an exponentiable fibration (LemmaA.2.6), the top face
is also a pushout; again applying Recollection A.2.3 completes the proof.
For (2), note that by Recollection A.1.1, to show that [𝑊−1

𝑃
] → 𝑃 is conservative, we need to

show that each fiber [𝑊−1
𝑃

]𝑝 is an ∞-groupoid. To see this, note that for each 𝑝 ∈ 𝑃, part (1)
provides an identification

[𝑊−1
𝑃 ]𝑝 ≃ 𝑝[𝑊−1

𝑝 ].

To complete the proof, observe that𝑊𝑝 is the set of allmorphisms in 𝑝.

A.3 Compactness
The goal of this subsection is to characterize the compact objects of𝐂𝐚𝐭∞,∕𝑃 aswell as the compact
objects of the full subcategory spanned by the conservative functors  → 𝑃 (Lemma A.3.7 and
Corollary A.3.9). We then use this to explain why the assignment  ↦ [𝑊−1

𝑃
] and pulling back

to a locally closed subposet 𝑆 ⊂ 𝑃 both preserve compactness; see Propositions A.3.14 and A.3.15.
We begin by introducing some notation. □
Recollection A.3.1 (finite and compact ∞-categories). Write 𝐂𝐚𝐭fin∞ ⊂ 𝐂𝐚𝐭∞ for the smallest full
subcategory closed under pushouts and containing the∞-categories∅, ∗, and [1]. An∞-category
 is finite if  ∈ 𝐂𝐚𝐭fin∞ . In particular, 𝐂𝐚𝐭fin∞ is closed under finite colimits in 𝐂𝐚𝐭∞. Equivalently,
an ∞-category  is finite if and only if  is categorically equivalent to a simplicial set with only
finitely many nondegenerate simplices [48, Corollary 2.3].
Importantly, the full subcategory 𝐂𝐚𝐭𝜔

∞ ⊂ 𝐂𝐚𝐭∞ of compact ∞-categories is the smallest full
subcategory containing 𝐂𝐚𝐭fin∞ and closed under retracts.

We now establish some pleasant features of the inclusion 𝐂𝐚𝐭cons
∞,∕𝑃

⊂ 𝐂𝐚𝐭∞,∕𝑃. See [8, §2.2] for
a related discussion.

Observation A.3.2. Let 𝑃 be a poset. Then Proposition A.2.2 implies that the functor

𝐂𝐚𝐭∞,∕𝑃 → 𝐂𝐚𝐭cons
∞,∕𝑃

given by the assignment  ↦ [𝑊−1
𝑃

] is left adjoint to the inclusion.

We introduce a more convenient notation for this left adjoint.

Notation A.3.3. Given a poset 𝑃, write Env𝑃 ∶ 𝐂𝐚𝐭∞,∕𝑃 → 𝐂𝐚𝐭cons
∞,∕𝑃

for the left adjoint to
the inclusion.

Observation A.3.4. The inclusion 𝐂𝐚𝐭cons
∞,∕𝑃

⊂ 𝐂𝐚𝐭∞,∕𝑃 also admits a right adjoint

𝜄𝑃 ∶ 𝐂𝐚𝐭∞,∕𝑃 → 𝐂𝐚𝐭cons
∞,∕𝑃

defined as follows. Given a functor 𝐹∶  → 𝑃, let 𝜄𝑃() ⊂  be the largest subcategory containing
all objects such that the composite
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EXODROMY BEYOND CONICALITY 83 of 98

is conservative. Equivalently, 𝜄𝑃() ⊂  is the subcategory containing all objects such that a mor-
phism 𝑓∶ 𝑥 → 𝑦 in  lies in 𝜄𝑃() if and only if one of the following disjoint conditions is
satisfied:

(1) The morphism 𝑓 is an equivalence in .
(2) The elements 𝐹(𝑥) and 𝐹(𝑦) of the poset 𝑃 are not equal.

Observation A.3.5. By definition, that the inclusion 𝜄𝑃() →  restricts to an equivalence on max-
imal sub-∞-groupoids. Note, moreover, that the inclusion 𝜄𝑃() →  induces an equivalence on
0-links and 1-links, in the sense of Recollection A.1.5.

In order to understand when Env𝑃() is compact, we make use of the following two general
fact:

Recollection A.3.6 [33, Proposition 5.5.7.2]. Let 𝑓∗ ∶  ⇄  ∶ 𝑓∗ be an adjunction between ∞-
categories that admit filtered colimits. If 𝑓∗ preserves filtered colimits, then 𝑓∗ preserves compact
objects. As a consequence, if 𝑓∗ admits a further left adjoint 𝑓♯, then 𝑓♯ preserves compact objects.

Lemma A.3.7. Let be an∞-category. An object 𝐹∶  →  of 𝐂𝐚𝐭∞,∕ is compact if and only if
the∞-category  is compact in 𝐂𝐚𝐭∞.

Proof. Since the unique functor  → ∗ is an exponentiable fibration (Example A.2.5), Recollec-
tion A.3.6 shows that the forgetful functor𝐂𝐚𝐭∞,∕ → 𝐂𝐚𝐭∞ preserves compact objects. Hence all
that remains to be proven is that if  ∈ 𝐂𝐚𝐭∞ is compact, then 𝐹∶  →  is compact in 𝐂𝐚𝐭∞,∕.
For this, consider a filtered diagram∙ ∶ 𝐴 → 𝐂𝐚𝐭∞,∕. Note that we have a pullback square

Since  is compact in 𝐂𝐚𝐭∞, the natural map

colim
𝛼∈𝐴

Map𝐂𝐚𝐭∞
(,𝛼) → Map𝐂𝐚𝐭∞

(, colim𝛼∈𝐴 𝛼)

is an equivalence. The fact that colimits are universal in 𝐒𝐩𝐜 completes the proof. □

Lemma A.3.8. Let 𝑃 be a poset. Then:

(1) The functor 𝜄𝑃 ∶ 𝐂𝐚𝐭∞,∕𝑃 → 𝐂𝐚𝐭cons
∞,∕𝑃

preserves filtered colimits.
(2) The inclusion 𝐂𝐚𝐭cons

∞,∕𝑃
↪ 𝐂𝐚𝐭∞,∕𝑃 preserves compact objects.

(3) The functor Env𝑃 ∶ 𝐂𝐚𝐭∞,∕𝑃 → 𝐂𝐚𝐭cons
∞,∕𝑃

preserves compact objects.

Proof. For (1), let ∙ ∶ 𝐴 → 𝐂𝐚𝐭∞,∕𝑃 be a filtered diagram. Note that by Recollection A.1.5, to prove
that
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84 of 98 HAINE et al.

colim𝛼∈𝐴 𝜄𝑃(𝛼) → 𝜄𝑃(colim𝛼∈𝐴 𝛼)

is an equivalence, it suffices to check that this map induces an equivalence on 0-links and 1-links.
By Observation A.3.5, it suffices to check that the natural map

colim
𝛼∈𝐴

𝜄𝑃(𝛼) → colim
𝛼∈𝐴

𝛼

induces an equivalence on 0-links and 1-links. For this, let Σ ⊂ 𝑃 be a nonempty linearly ordered
subset of cardinality ⩽ 2. Then Σ is a finite ∞-category, hence Lemma A.3.7 shows that Σ is a
compact object of 𝐂𝐚𝐭∞,∕𝑃. Again applying Observation A.3.5, we see that

Map𝐂𝐚𝐭∞,∕𝑃
(Σ, colim𝛼∈𝐴 𝜄𝑃(𝛼)) ≃ colim

𝛼∈𝐴
Map𝐂𝐚𝐭∞,∕𝑃

(Σ, 𝜄𝑃(𝛼))

⥲ colim
𝛼∈𝐴

Map𝐂𝐚𝐭∞,∕𝑃
(Σ,𝛼)

≃ Map𝐂𝐚𝐭∞,∕𝑃
(Σ, colim𝛼∈𝐴 𝛼) ,

as desired.
Finally, observe that Recollection A.3.6 shows that (1) implies (2) and (3). □

We can now give a characterization of the compact objects of 𝐂𝐚𝐭cons
∞,∕𝑃

.

Corollary A.3.9. Let 𝑃 be a poset and let 𝐹∶  → 𝑃 be a conservative functor from an∞-category.
Then the following are equivalent:

(1) The object 𝐹∶  → 𝑃 of 𝐂𝐚𝐭cons
∞,∕𝑃

is compact.
(2) The object 𝐹∶  → 𝑃 of 𝐂𝐚𝐭∞,∕𝑃 is compact.
(3) The∞-category  is a compact object of 𝐂𝐚𝐭∞.

Proof. The fact that both the inclusion 𝐂𝐚𝐭cons
∞,∕𝑃

↪ 𝐂𝐚𝐭∞,∕𝑃 and its left adjoint Env𝑃 preserve
compact objects (Lemma A.3.8) shows that (1)⇔ (2). Lemma A.3.7 shows that (2)⇔ (3). □

Remark A.3.10. Corollary A.3.9 was mentioned in [48, Remark 2.14].

Finiteness is also a well-behaved notion in 𝐂𝐚𝐭∞,∕𝑃:

Definition A.3.11. Given an∞-category, we say that an object 𝐹∶  →  of 𝐂𝐚𝐭∞,∕ is finite
if the∞-category  is finite.
Given a poset 𝑃, we say that an object𝐹∶  → 𝑃 of𝐂𝐚𝐭cons

∞,∕𝑃
is finite if the∞-category  is finite.

Notation A.3.12. For the sake of convenience, let us write [−1] ≔ ∅ for the empty poset.

Observation A.3.13. Let be an∞-category. Then the full subcategory

𝐂𝐚𝐭fin
∞,∕

⊂ 𝐂𝐚𝐭∞,∕
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EXODROMY BEYOND CONICALITY 85 of 98

spanned by the finite objects is the smallest subcategory closed under pushouts and containing
all objects of the form 𝜎∶ [𝑛] →  where −1 ⩽ 𝑛 ⩽ 1. Similarly,

𝐂𝐚𝐭𝜔
∞,∕

⊂ 𝐂𝐚𝐭∞,∕

is the smallest full subcategory containing 𝐂𝐚𝐭fin
∞,∕

and closed under retracts.

We conclude by recording some important operations that preserve finiteness and compactness.

PropositionA.3.14. Let𝐹∶  → 𝑃 be a functor from an∞-category to a poset. If  is a finite (resp.,
compact) object of 𝐂𝐚𝐭∞, then the∞-category

Env𝑃() = [𝑊−1
𝑃 ]

is a finite (resp., compact) object of 𝐂𝐚𝐭∞.

Proof. In light of Observation A.3.13, it suffices to show that Env𝑃 preserves finite objects. More-
over, to prove this, it suffices to show that for−1 ⩽ 𝑛 ⩽ 1 and each map of posets 𝜎∶ [𝑛] → 𝑃, the
localization End𝑃([𝑛]) is finite. If 𝑛 = −1 or 𝑛 = 0, then Env𝑃([𝑛]) = [𝑛], so the claim is clear.
If 𝑛 = 1, then there are two cases. First, if the map 𝜎∶ [1] → 𝑃 is constant, then the class 𝑊𝑃

consists of all morphisms in 𝑃, hence Env𝑃([1]) ≃∗ is finite. Second, if the map 𝜎∶ [1] → 𝑃 is not
constant, then the class 𝑊𝑃 consists of only the identity morphisms in 𝑃, hence Env𝑃([1]) ≃ [1]

is finite. □

PropositionA.3.15. Let𝑃 be a poset and let 𝑆 ⊂ 𝑃 be a locally closed subposet. Then the basechange
functor

𝑆 ×𝑃 (−)∶ 𝐂𝐚𝐭∞,∕𝑃 → 𝐂𝐚𝐭∞,∕𝑆

preserves finite and compact objects.

Proof. Since the inclusion 𝑆 ↪ 𝑃 is an exponentiable fibration (Lemma A.2.6), the functor 𝑆 ×𝑃

(−) preserves colimits. Hence by Observation A.3.13, it suffices to prove that 𝑆 ×𝑃 (−) preserves
finite objects. Moreover, to prove this, it suffices to show that for −1 ⩽ 𝑛 ⩽ 1 and each map of
posets 𝜎∶ [𝑛] → 𝑃, the basechange 𝑆 ×𝑃 [𝑛] is finite. To conclude, observe that since 𝑆 ⊂ 𝑃 is
locally closed, 𝑆 ×𝑃 [𝑛] ⊂ [𝑛] is also locally closed; hence, there exists −1 ⩽ 𝑚 ⩽ 𝑛 such that 𝑆 ×𝑃

[𝑛] ≃ [𝑚]. □

The following application of Proposition A.3.15 is not needed in the present paper, but is quite
useful:

Lemma A.3.16. Let  and be∞-categories. Then the join  ⋆  is finite (resp., compact) if and
only if both  and are finite (resp., compact).

Proof. By definition, the join  ⋆  is the colimit in 𝐂𝐚𝐭∞ of the diagram
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86 of 98 HAINE et al.

where the outermost functors are the projections. Furthermore, the unique functors  → {0} and
 → {1} induce a functor

with fibers ( ⋆ )0 ≃  and ( ⋆ )1 ≃ . In particular, the forward implication follows from
the fact that finite (resp., compact) ∞-categories are stable under finite products and finite col-
imits. The reverse implcation follows from Proposition A.3.15 applied to the induced functor
 ⋆  → [1]. □

Of particular interest are cones:

Corollary A.3.17. Let  be an ∞-category. Then  is finite (resp., compact) if and only if the cone
◃ is finite (resp., compact).

APPENDIX B: COMPLEMENTS ON ∞-TOPOI
The purpose of this appendix is to prove some fundamental results about ∞-topoi that are used
in the main body of the paper. In Section B.1, we recall the basics of étale geometric morphisms as
well as open and closed immersions of∞-topoi. In Section B.2, we explain how hypercompletion
interacts with étale geometric morphisms. In Section B.3, we prove that the hypercompletion of
a recollement of ∞-topoi is still a recollement (Proposition B.3.5). We then use this to explain
how hypercompletion interacts with locally closed immersions of ∞-topoi (Corollary B.3.7 and
Lemma 2.4.2).

B.1 Open and closed subtopoi
In this subsection, we recall the notions of open and closed immersions of∞-topoi and how they
give rise to recollements. In order to discuss open immersions, we start with the more general
notion of étale geometric morphisms. For more background on étale geometric morphisms, the
reader should consult [33, §6.3.5].
Recollection B.1.1 (étale geometric morphisms). Let  be an ∞-topos and 𝑈 ∈  . Then the over-
category ∕𝑈 is an∞-topos. Moreover, the forgetful functor 𝑝♯ ∶ ∕𝑈 →  admits a right adjoint
𝑝∗ ∶  → ∕𝑈 given by the assignment𝑋 ↦ 𝑋 × 𝑈. Since colimits are universal in , the functor
𝑝∗ admits a further right adjoint 𝑝∗ ∶ ∕𝑈 →  . See [33, Proposition 6.3.5.1]. We always regard
the∞-topos ∕𝑈 as an∞-topos over  via the natural geometric morphism 𝑝∗ ∶ ∕𝑈 →  .
Let 𝑒∗ ∶  →  be a geometric morphism of ∞-topoi. Then the following conditions are

equivalent:

(1) There exists an object 𝑈 ∈  and an equivalence ⥲ ∕𝑈 of∞-topoi over  .
(2) The functor 𝑒∗ admits a left adjoint 𝑒♯ ∶  →  and the induced functor

𝑒♯ ∶  → ∕𝑒♯(1 )

is an equivalence of∞-categories.
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EXODROMY BEYOND CONICALITY 87 of 98

(3) The functor 𝑒∗ admits a conservative left adjoint 𝑒♯ ∶  →  and for all maps 𝑋 → 𝑍 in  ,
objects 𝑌 ∈  , and maps 𝑒♯(𝑌) → 𝑍, the natural map

𝑒♯

(
𝑒∗(𝑋) ×

𝑒∗(𝑍)
𝑌

)
→ 𝑋 ×𝑍 𝑒♯(𝑌) (B.1.2)

is an equivalence. This equivalence is referred to as the étale projection formula.

See [33, Proposition 6.3.5.11]. We call a geometricmorphism satisfying these equivalent conditions
an étale geometric morphism.

Open immersions are a special case of étale geometric morphisms:

LemmaB.1.3. Let 𝑗∗ ∶  →  be a geometric morphism of∞-topoi. Then the following conditions
are equivalent:

(1) There exists a (−1)-truncated object𝑈 ∈  and an equivalence ⥲ ∕𝑈 of∞-topoi over  .
(2) The geometric morphism 𝑗∗ ∶  →  is étale and 𝑗♯(1 ) ∈  is (−1)-truncated.
(3) The geometric morphism 𝑗∗ ∶  →  is étale and the functor 𝑗♯ is fully faithful.
(4) The geometric morphism 𝑗∗ ∶  →  is étale and the functor 𝑗∗ is fully faithful.

Proof. Clearly (1)⇔ (2). The equivalence (3)⇔ (4) is a consequence of the fact that given a triple
of adjoints 𝑓♯ ⫞ 𝑓∗ ⫞ 𝑓∗ between arbitrary∞-categories, the extreme left adjoint 𝑓♯ is fully faithful
if and only if the extreme right adjoint 𝑓∗ is fully faithful.
To see that (2) ⇔ (3), we first make some observations; assume that 𝑗∗ is étale. Note that 𝑗♯ is

fully faithful if and only if the unit id → 𝑗∗𝑗♯ is an equivalence. Since 𝑗♯ is conservative, this
is the case if and only if the induced natural transformation 𝑗♯ → 𝑗♯𝑗

∗𝑗♯ is an equivalence. Let
𝑉 ∈  ; by the étale projection formula (B.1.2) applied to 𝑋 = 𝑗♯(𝑉), 𝑌 = 1 , and 𝑍 = 1 , we see
that

𝑗♯𝑗
∗𝑗♯(𝑉) ≃ 𝑗♯(𝑉) × 𝑗♯(1 ).

Moreover, unwinding definitions shows that, under this identification, the map 𝑗♯(𝑉) →

𝑗♯𝑗
∗𝑗♯(𝑉) induced by the unit is identified with the graph

𝛾𝑉 ∶ 𝑗♯(𝑉) → 𝑗♯(𝑉) × 𝑗♯(1 )

of the map 𝑗♯(𝑉) → 𝑗♯(1 ) induced by the unique map 𝑉 → 1 . Also note that the map 𝛾𝑉 fits
into a pullback square

To see that (2) ⇒ (3), note that if 𝑗♯(1 ) is (−1)-truncated, then the diagonal Δ∶ 𝑗♯(1 ) →

𝑗♯(1 ) × 𝑗♯(1 ) is an equivalence; hence by pullback, for each 𝑉 ∈  , the map 𝛾𝑉 is an
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88 of 98 HAINE et al.

equivalence. Conversely, note that 𝛾1
is the diagonal, so if 𝑗♯ is fully faithful,Δ is an equivalence,

that is, 𝑗♯(1 ) is (−1)-truncated. □

Recollection B.1.4 (open immersions). We call a geometric morphism satisfying the equivalent
conditions of Lemma B.1.3 an open immersion of ∞-topoi. For open immersions of ∞-topoi, we
write 𝑗! ≔ 𝑗♯.

Recollection B.1.5 (closed immersions). Let  be an ∞-topos and let 𝑈 ∈  be a (−1)-truncated
object. We write

⧵𝑈 ⊂ 

for the full subcategory spanned by those objects 𝐹 such that the projection pr2 ∶ 𝐹 × 𝑈 → 𝑈

is an equivalence. The inclusion ⧵𝑈 ⊂  is accessible and admits a left exact left adjoint [33,
Proposition 7.3.2.3]. In particular, ⧵𝑈 is an ∞-topos and the inclusion ⧵𝑈 ↪  is a geometric
morphism. We call the∞-topos ⧵𝑈 the closed complement of the open subtopos ∕𝑈 .
We say that a geometric morphism of ∞-topoi 𝑖∗ ∶  →  is a closed immersion if there exists

a (−1)-truncated object 𝑈 ∈  such that 𝑖∗ factors through ⧵𝑈 and restricts to an equivalence
𝑖∗ ∶  ⥲ ⧵𝑈 .

DefinitionB.1.6. Let𝑓∗ ∶  →  be a geometricmorphismof∞-topoi.We say that𝑓∗ is a locally
closed immersion if there exists a factorization 𝑓∗ ≃ 𝑗∗𝑖∗ where 𝑖∗ is a closed immersion and 𝑗∗ is
an open immersion.

Recollection B.1.7. Let 𝑋 be a topological space and let 𝑗 ∶ 𝑈 ↪ 𝑋 be an open subspace with
closed complement 𝑖 ∶ 𝑍 ↪ 𝑋. Also write𝑈 ∈ Sh(𝑋) for the sheaf represented by the open subset
𝑈 ⊂ 𝑋. Then:

(1) The geometric morphism 𝑗∗ ∶ Sh(𝑈) ↪ Sh(𝑋) is an open immersion that identifies Sh(𝑈)

with Sh(𝑋)∕𝑈 .
(2) The geometricmorphism 𝑖∗ ∶ Sh(𝑍) ↪ Sh(𝑋) is a closed immersion that identifies Sh(𝑍)with

Sh(𝑋)⧵𝑈 . See [33, Corollary 7.3.2.10].

As a consequence, locally closed immersions of topological spaces induce locally closed
immersions of∞-topoi of sheaves.

The key feature of open and closed immersions is that they give rise to recollements:

Recollection B.1.8 (open-closed recollement [34, Proposition A.8.15]). Let  be an ∞-topos and
𝑈 ∈  a (−1)-truncated object. Write 𝑖∗ ∶ ⧵𝑈 ↪  and 𝑗∗ ∶ ∕𝑈 →  for the complementary
closed and open geometric morphisms. Then the functors

𝑖∗ ∶  → ⧵𝑈 and 𝑗∗ ∶  → ∕𝑈

exhibit  as the recollement of ⧵𝑈 and ∕𝑈 .

In light of Recollections B.1.7 and B.1.8, we see:
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EXODROMY BEYOND CONICALITY 89 of 98

Example B.1.9. Let 𝑋 be a topological space and let 𝑖 ∶ 𝑍 ↪ 𝑋 be a closed subspace with open
complement 𝑗 ∶ 𝑈 ↪ 𝑋. Then the functors

𝑖∗ ∶ Sh(𝑋) → Sh(𝑍) and 𝑗∗ ∶ Sh(𝑋) → Sh(𝑈)

exhibit Sh(𝑋) as the recollement of Sh(𝑍) and Sh(𝑈).

Étale geometric morphisms and closed immersions also behave well under basechange.

Proposition B.1.10. Let 𝑓∗ ∶  →  be a geometric morphism of∞-topoi and let𝑉 ∈  . Then:

(1) The induced square

is a pullback square in 𝐑𝐓𝐨𝐩∞.
(2) If 𝑉 is (−1)-truncated, then the induced square

is a pullback square in 𝐑𝐓𝐨𝐩∞.

Proof. For (1), see [33, Remark 6.3.5.8]. For (2), see [33, Proposition 7.3.2.12]. □

B.1.11. As a consequence of Proposition B.1.10 the properties being étale, an open immersion, a closed
immersion, or a locally closed immersion are all stable under basechange in 𝐑𝐓𝐨𝐩∞.

In general, the functor sending a topological space 𝑋 to the ∞-topos Sh(𝑋) does not preserve
pullbacks. However, Proposition B.1.10 implies that the assignment 𝑋 ↦ Sh(𝑋) does preserve
pullbacks along locally closed immersions:

Corollary B.1.12. Let

be a pullback square of topological spaces where 𝑖 is a locally closed immersion. Then the induced
square of∞-topoi
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90 of 98 HAINE et al.

is a pullback square in 𝐑𝐓𝐨𝐩∞.

Proof. Note that by factoring 𝑖 as a closed immersion followed by an open immersion, it suffices
to treat the cases of closed immersions and open immersions separately. Since 𝑆 = 𝑓−1(𝑇), the
claim is immediate from Recollection B.1.7 and Proposition B.1.10. □

B.2 Hypercompleteness and étale geometric morphisms
The purpose of this subsection is to prove the following characterization of the hypercomplete
objects of the slice∞-topos over a hypercomplete object.
PropositionB.2.1. Let be an∞-topos and let𝑈 ∈  be a hypercomplete object.Write 𝑒∗ ∶ ∕𝑈 →

 for the natural geometric morphism. For an object [𝑝∶ 𝑋 → 𝑈] ∈ ∕𝑈 , the following are
equivalent:

(1) The object 𝑝∶ 𝑋 → 𝑈 is a hypercomplete object of ∕𝑈 .
(2) The object 𝑋 is a hypercomplete object of  .

In particular, there is a natural identification

(hyp)∕𝑈 = (∕𝑈)hyp

as full subcategories of ∕𝑈 .

Corollary B.2.2. Let  be an∞-topos and let𝑈 ∈  . If  is hypercomplete, then the∞-topos ∕𝑈

is hypercomplete.

To prove Proposition B.2.1, we need a few technical lemmas. The first is a slight refinement of
the statement of [34, Lemma A.2.6]:

Lemma B.2.3. Let 𝑒∗ ∶  →  be a geometric morphism of∞-topoi. Assume that 𝑒∗ admits a left
adjoint 𝑒♯ ∶  →  . Then:

(1) For each −2 ⩽ 𝑛 ⩽ ∞, the functor 𝑒♯ preserves 𝑛-connected maps.
(2) The functor 𝑒∗ ∶  →  preserves hypercomplete objects.

Lemma B.2.4. Let 𝐹∶  →  be a functor between∞-categories.

(1) Let  be an ∞-category. Assume that  and  admit -shaped colimits and that 𝐹 preserves
-shaped colimits. If 𝐹 is conservative, then 𝐹 reflects -shaped colimits.

(2) Assume that  and admit pullbacks and geometric realizations of simplicial objects and that
𝐹 preserves pullbacks and geometric realizations. If 𝐹 is conservative, then 𝐹 reflects effective
epimorphisms.
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EXODROMY BEYOND CONICALITY 91 of 98

Proof. For (1), let𝑋∙ ∶ ▹ →  be a diagram, and assume that the composite diagram𝐹◦𝑋∙ ∶ ▹ →

 is a colimit diagram. Write 𝑋∞ for the value of the cone point and let 𝜆∶ colim𝑖∈ 𝑋𝑖 → 𝑋∞

denote the natural map. Then 𝐹(𝜆) factors as a composite of natural maps

Since 𝐹 preserves colimits, the left-hand map is an equivalence; since 𝐹◦𝑋∙ is a colimit dia-
gram, the right-hand map is also an equivalence. Since 𝐹 is conservative, we deduce that 𝜆 is
an equivalence, that is, that 𝑋∙ is a colimit diagram, as desired.
Item (2) is immediate from the definition of an effective epimorphism combined with item (1)

and its dual. □

Lemma B.2.5. Let  be an ∞-topos and let {𝑓∗
𝛼 ∶  → 𝛼}𝛼∈𝐴 be a jointly conservative family

of functors between ∞-topoi that each preserve pullbacks and geometric realizations of simplicial
objects. Let−2 ⩽ 𝑛 ⩽ ∞ and let𝜙∶ 𝑈 → 𝑉 be amorphism in . Then the following are equivalent:

(1) The morphism 𝜙 is 𝑛-connected.
(2) For each 𝛼 ∈ 𝐴, the morphism 𝑓∗

𝛼(𝜙) is 𝑛-connected.

Proof. Since functors that preserve pullbacks and geometric realizations of simplicial objects pre-
serve 𝑛-connectedness, (1) ⇒ (2). For the implication (2) ⇒ (1), first note that a morphism 𝜙 is
∞-connected map if and only if for each 𝑛 < ∞, the morphism 𝜙 is 𝑛-connected. So it suffices
to treat the case of finite 𝑛. Write  for the product of ∞-categories

∏
𝛼∈𝐴 𝛼 and 𝑓∗ ∶  → 

for the functor induced by the functors 𝑓∗
𝛼 ∶  → 𝛼 by the universal property of the product.

Note that  is an ∞-topos and since limits and colimits in  are computed levelwise, 𝑓∗ also
preserves pullbacks and effective epimorphisms. Moreover, the statement (2) is equivalent to the
statement:

(3) The morphism 𝑓∗(𝜙) is 𝑛-connected.

So we instead prove that (3)⇒ (1).
We prove the claim by induction on 𝑛. The case 𝑛 = −2 is clear; every morphism is (−2)-

connected. For the case 𝑛 = −1, recall that a morphism 𝜙 is (−1)-connected if and only if 𝜙 is
an effective epimorphism. The claim now follows from Lemma B.2.4-(2).
For the inductive step, assume that 𝑛 ⩾ 0, and that we know that for all 𝑘 ⩽ 𝑛, the functor

𝑓∗ ∶  →  reflects 𝑘-connectedness. Let 𝜙∶ 𝑈 → 𝑉 be a morphism of  such that 𝑓∗(𝜙) is 𝑛-
connected. That is, 𝑓∗(𝜙) is an effective epimorphism and the diagonal

Δ𝑓∗(𝜙) ∶ 𝑓∗(𝑈) → 𝑓∗(𝑈) ×
𝑓∗(𝑉)

𝑓∗(𝑈)

is (𝑛 − 1)-connected. By the base case,𝜙 is an effective epimorphism.Moreover, since𝑓∗ preserves
pullbacks,

Δ𝑓∗(𝜙) ≃ 𝑓∗(Δ𝜙).

The inductive hypothesis then shows that Δ𝜙 is (𝑛 − 1)-connected. Thus 𝜙 is 𝑛-connected, as
desired. □

 17538424, 2026, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/topo.70091 by U
niversity O

f Southern C
alifornia, W

iley O
nline L

ibrary on [24/07/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



92 of 98 HAINE et al.

Corollary B.2.6. Let 𝑒∗ ∶  →  be an étale geometric morphism of ∞-topoi and let 𝜙 be a mor-
phism in . Then for each −2 ⩽ 𝑛 ⩽ ∞, the morphism 𝜙 in is 𝑛-connected if and only if 𝑒♯(𝜙) is
𝑛-connected.

Proof. Since the forgetful functor 𝑒♯ ∶  →  is a conservative left adjoint that preserves
pullbacks, this is a special case of Lemma B.2.5. □

Now we are ready to prove Proposition B.2.1.

Proof of Proposition B.2.1. We start by proving that (1) ⇒ (2). Let 𝜙∶ 𝑉 → 𝑉′ be an ∞-connected
map in  . We need to show thatMap (−, 𝑋) inverts 𝜙. Consider the commutative square

Since 𝜙 is ∞-connected and 𝑈 is hypercomplete, the right-hand vertical map is an equivalence.
Thus to show that the left-hand vertical map is an equivalence, it suffices to show that for each
map 𝑞∶ 𝑉′ → 𝑈, the induced map on horizontal fibers is an equivalence.
For this, regard 𝑉 and 𝑉′ as objects of ∕𝑈 via the structure maps 𝑞𝜙 and 𝑞, respectively; then

𝜙 defines a map

[𝑞𝜙∶ 𝑉 → 𝑈] → [𝑞∶ 𝑉′ → 𝑈]

in∕𝑈 . By the definition of themapping spaces in an overcategory, we have a commutative square

(B.2.7)

where the horizontal maps are equivalences and the vertical maps are given by precomposition
with 𝜙. Since 𝜙 is an ∞-connected map in  , by Corollary B.2.6, 𝜙 is also an ∞-connected map
when regarded as a map 𝑉 → 𝑉′ in ∕𝑈 . Since 𝑋 is a hypercomplete object of ∕𝑈 , we deduce
that the left-hand vertical map in (B.2.7) is an equivalence. Thus the right-hand vertical map is
also an equivalence, as desired.
Nowwe prove that (2)⇒ (1). Assume that𝑋 is hypercomplete when regarded as an object of .

Let 𝜙∶ 𝑉 → 𝑉′ be an∞-connected map in ∕𝑈 , and write 𝑞∶ 𝑉 → 𝑉′ for the structure map. We
need to show that the functorMap∕𝑈

(−, 𝑋) inverts 𝜙. Again consider the square (B.2.7). Since 𝜙

is an∞-connected map of ∕𝑈 , Corollary B.2.6 shows that 𝜙 is also∞-connected when regarded
as a map of  . Since 𝑈 and 𝑋 are hypercomplete when regarded as objects of  , the right-hand
vertical map in (B.2.7) is an equivalence; hence the left-hand vertical map is also an equivalence,
as desired. □
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EXODROMY BEYOND CONICALITY 93 of 98

B.3 The hypercompletion of a recollement
This subsection has two goals. The first is to show that the hypercompletion of a recollement of
∞-topoi is still a recollement (Proposition B.3.5). The second is to show that hypercompletion
preserves pullbacks along locally closed immersions of∞-topoi (Proposition B.3.8).
We begin by using Proposition B.2.1 to describe the hypercomplete objects of a locally closed

subtopos. To do this, we first observe that the pushforward along a closed immersion preserves
∞-connectedness and detects hypercompleteness.

Lemma B.3.1. Let 𝑖∗ ∶  →  be a closed immersion of∞-topoi and 𝜙 a map in. For each−2 ⩽

𝑛 ⩽ ∞, the following are equivalent:

(1) The map 𝜙 is an 𝑛-connected map of.
(2) The map 𝑖∗(𝜙) is an 𝑛-connected map of  .

Proof. First we show that (1) ⇒ (2). Let 𝑗∗ ∶  ↪  denote the open complement of . Since 𝑖∗

and 𝑗∗ are jointly conservative, by Lemma B.2.5 we need to show that if 𝜙 is 𝑛-connected, then
𝑖∗𝑖∗(𝜙) and 𝑗∗𝑖∗(𝜙) are 𝑛-connected. Since 𝑖∗ is fully faithful, 𝑖∗𝑖∗(𝜙) ≃ 𝜙. Thus our assumption
on 𝜙 says that 𝑖∗𝑖∗(𝜙) is 𝑛-connected. Also, 𝑗∗𝑖∗ is constant with value the terminal object, hence
𝑗∗𝑖∗(𝜙) is an equivalence.
To see that (2) ⇒ (1), note that since 𝜙 ≃ 𝑖∗𝑖∗(𝜙), the claim immediately follows from the fact

that 𝑖∗ preserves 𝑛-connected maps. □

Lemma B.3.2. Let 𝑖∗ ∶  →  be a fully faithful geometric morphism of ∞-topoi. If 𝑖∗ preserves
∞-connectedmaps, then an object 𝐹 ∈  is hypercomplete if and only if 𝑖∗(𝐹) ∈  is hypercomplete.

Proof. Since pushforwards preserve hypercompleteness, it suffices to show that if 𝑖∗(𝐹) is hyper-
complete, then 𝐹 is hypercomplete. Let 𝜙∶ 𝑉 → 𝑉′ be an∞-connectedmap of  . By assumption,
themorphism 𝑖∗(𝜙) is also∞-connected. Since 𝑖∗(𝐹) is hypercomplete,we deduce that the induced
map

−◦𝑖∗(𝜙)∶ Map (𝑖∗(𝑉
′), 𝑖∗(𝐹)) → Map (𝑖∗(𝑉), 𝑖∗(𝐹))

is an equivalence. Since 𝑖∗ is fully faithful, the map

−◦𝜙∶ Map (𝑉′, 𝐹) → Map (𝑉, 𝐹)

is also an equivalence. □

Proposition B.3.3. Let 𝑖∗ ∶  ↪  be a locally closed immersion of∞-topoi. Then an object 𝐹 ∈ 

is hypercomplete if and only if 𝑖∗(𝐹) ∈  is hypercomplete.

Proof. Since pushforwards preserve hypercompleteness, it suffices to show that if 𝑖∗(𝐹) is hyper-
complete, then 𝐹 is hypercomplete. By writing 𝑖∗ as the composite of a closed immersion
followed by an open immersion, we are reduced to treating the cases where 𝑖∗ is a closed or an
open immersion.
If 𝑖∗ is an open immersion, note that by Lemma B.2.3, the functor 𝑖∗ preserves hypercom-

pleteness. Since 𝑖∗ is fully faithful and 𝑖∗(𝐹) is hypercomplete, we deduce that 𝑖∗𝑖∗(𝐹) ≃ 𝐹

is hypercomplete.
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94 of 98 HAINE et al.

If 𝑖∗ is a closed immersion, then Lemma B.3.1 shows that 𝑖∗ preserves ∞-connected maps. The
claim now follows from Lemma B.3.2. □

Corollary B.3.4. Let 𝑖∗ ∶  ↪  be a locally closed immersion of ∞-topoi. If  is hypercomplete,
then  is hypercomplete.

We are now ready to show that the hypercompletion of a recollement remains a recollement:

PropositionB.3.5. Let be an∞-topos and let𝑈 ∈  be a (−1)-truncated object.Write 𝑖∗ ∶ ⧵𝑈 ↪

 and 𝑗∗ ∶ ∕𝑈 ↪  for the natural geometric morphisms. Then:

(1) There are natural identifications

(∕𝑈)hyp = (hyp)∕𝑈 and (⧵𝑈)hyp = (hyp)⧵𝑈

as full subcategories of  .
(2) The functors

𝑖∗,hyp ∶ hyp → (⧵𝑈)hyp and 𝑗∗,hyp ∶ hyp → (∕𝑈)hyp

exhibit hyp as the recollement of (⧵𝑈)hyp and (∕𝑈)hyp.

Proof. For (1), note that the left-hand identification is a special case of Proposition B.2.1. For the
right-hand identification, note that Proposition B.3.3 implies that

(⧵𝑈)hyp = hyp ∩ ⧵𝑈

as full subcategories of . Since𝑈 is hypercomplete andhyp ⊂  is closed under finite products,
unpacking definitions we see that

hyp ∩ ⧵𝑈 = (hyp)⧵𝑈.

Finally, (2) is an immediate consequence of (1) and the open-closed recollement associated to
a (−1)-truncated object. □

Example B.3.6. Let 𝑋 be a topological space and let 𝑖 ∶ 𝑍 ↪ 𝑋 be a closed subspace with open
complement 𝑗 ∶ 𝑈 ↪ 𝑋. From Example B.1.9 and Proposition B.3.5, we deduce that the functors

𝑖∗,hyp ∶ Shhyp(𝑋) → Shhyp(𝑍) and 𝑗∗,hyp ∶ Shhyp(𝑋) → Shhyp(𝑈)

exhibit Shhyp(𝑋) as the recollement of Shhyp(𝑍) and Shhyp(𝑈).

In the remainder of this subsection, we use Proposition B.3.5 to prove some compatibilities
between hypercompletion and pulling back along locally closed immersions. Note that since the
inclusion of hypercomplete∞-topoi into all∞-topoi does not preserve limits, these results do not
immediately follow from formal considerations.
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Corollary B.3.7. Let 𝑖∗ ∶  ↪  be a locally closed immersion of∞-topoi. Then the natural square

is a pullback square in 𝐑𝐓𝐨𝐩∞.

Proof. By factoring 𝑖∗ as the composite of a closed immersion followed by an open immer-
sion, it suffices to treat the cases of closed and open immersions separately. These cases follow
from Proposition B.3.5-(1) and the explicit description of the pullbacks along open and closed
immersions of∞-topoi (Proposition B.1.10). □

Proposition B.3.8. Let

be a pullback square of∞-topoi where 𝑖∗ is a locally closed immersion. Then the induced square

is again a pullback square in 𝐑𝐓𝐨𝐩∞.

Proof. Consider the commutative cube of∞-topoi
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96 of 98 HAINE et al.

By assumption, the front vertical face is a pullback square. Since 𝑖∗ and 𝚤∗ are locally closed immer-
sions, Corollary B.3.7 shows that the top and bottom horizontal faces are pullback squares. By the
gluing lemma for pullbacks, the back vertical face is also a pullback square. □

In general, the functor sending a topological space𝑋 to the∞-topos Shhyp(𝑋) does not preserve
pullbacks. However, the assignment 𝑋 ↦ Shhyp(𝑋) does preserve pullbacks along locally closed
immersions:

Corollary B.3.9. Let

be a pullback square of topological spaces where 𝑖 is a locally closed immersion. Then the induced
square of∞-topoi

is a pullback square in 𝐑𝐓𝐨𝐩∞.

Proof. By Corollary B.1.12, the claim is true before hypercompletion. Proposition B.3.8 shows that
the claim remains true after hypercompletion. □
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